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ABSTRACT
C o rre la te d  m o lecu la r r o ta t io n s  a r e  s tu d ie d  w ith  th e  a id  o f 
m odels which a r e  r e p r e s e n ta t iv e  o f more co m p lic a ted  sy stem s. The 
p e r t in e n t  thermodynamic p r o p e r t ie s  a r e  c a lc u la te d  in  an e f f o r t  to  
d e te rm in e  th e  r o ta t i o n a l  c o n tr ib u t io n s  to  th e s e  p r o p e r t i e s .
A l a t t i c e - g a s  model c o n s is t in g  o f  e q u a l ly  spaced  h a rd  m ole­
c u le s ,  re p re s e n te d  by sq u ares  and a rran g ed  on a  l i n e a r  l a t t i c e ,  i s  
c o n s id e re d  f i r s t  as  th e  s im p le s t model p o s s e s s in g  r o t a t i o n a l  c o r r e la ­
t i o n s .  The m o lecu les  a re  allow ed to  r o t a t e ;  th e  o n ly  fo rc e  p re s e n t  
i s  t h a t  due to  th e  i n f i n i t e  p o te n t i a l  o f  th e  h a rd  c o re .  By use  o f  
th e  c a n o n ic a l p a r t i t i o n  fu n c tio n  th e  e q u a tio n  o f  s t a t e  i s  c a l c u la te d ,  
r e v e a l in g  a van d e r  Waals ty p e  loop wit;h a  sh a rp  cusp  a t  a  l a t t i c e  
sp a c in g  o f  ( l  +  */2)/2  ( in  u n i t s  of th e  m o le c u la r  le n g th ) .  W ith th e  
a id  o f  th e  Maxwell double ta n g e n t c o n s t r u c t io n ,  th e  loop i s  re p la c e d  
by a  t i e  l i n e  co n n ec tin g  two c o e x is t in g  p h a se s .
A more g e n e ra l model i s  th en  c o n s id e re d  to  e x p lo re  f u r th e r  
th e  n a tu re  o f  th e  r o ta t io n a l  c o n t r ib u t io n s .  The m o lecu les  a re  now 
allow ed  to  t r a n s l a t e  w h ile  r o t a t i n g ,  s u b je c t  to  an a d d i t io n a l  fo rc e  
a t t r a c t i n g  n e ig h b o rin g  m o le cu le s . T h is  model i s  approached  from  th e  
s ta n d p o in t  o f  an is o b a r ic  p a r t i t i o n  f u n c t io n .  Thermodynamic p ro p e r­
t i e s  a re  c a lc u la te d  n u m e ric a lly  fo r  th e  c a se  o f  harm onic a t t r a c t i o n s ,  
in d ic a t in g  th a t  th e  l a t t i c e  model t r a n s i t i o n  i s  no lo n g e r  p r e s e n t .  
However, by s u b tr a c t in g  o u t th e  p re s s u re  a t t r i b u t a b l e  to  n o n - ro ta t in g  
m o le c u le s , th e  r e s id u a l  p re s s u re  does show a  r e g io n  o f  m ech an ica l in ­
s t a b i l i t y  a t  low te m p e ra tu re s , and in  th e  l i m i t  o f  ze ro  tem p e ra tu re
i s  shown to  be e q u iv a le n t to  t h a t  o f  th e  l a t t i c e  model. Thermal p ro ­
p e r t i e s ,  such a s  en e rg y , h e a t  c a p a c i ty ,  and e n tro p y , a re  a l s o  c a lc u ­
la te d  t o  c l a r i f y  f u r th e r  th e  e f f e c t s  o f  m o le c u la r  r o ta t io n .
INTRODUCTION
S t a t i s t i c a l  m ech an ica l tre a tm e n ts  o f  i n t e r a c t in g  system s 
have tak en  many forms o v er th e  y e a r s ,  from  th e  s im p le  to  th e  ex­
tre m e ly  d i f f i c u l t .  And y e t ,  much th e  same as in  quantum m echan ics, 
th e r e  a re  r e l a t i v e ly  few exam ples o f  e x a c t ly  s o lu b le  system s a v a i l ­
a b le .  T hat th e  la rg e  m a jo r i ty  o f  th e  e x a c t ly  s o lu b le  problem s d ea l 
w ith  th e  p ro p e r t ie s  o f  system s i n  one d im ension  i s  n e i th e r  g r a t i f y in g  
n o r s u r p r i s in g .  An in c r e a s e  in  th e  d im e n s io n a li ty  o f  a  problem  
alw ays seems to  in c re a s e  th e  d i f f i c u l t y  o f  a r r iv in g  a t  an  ex ac t 
r e s u l t .  To c i t e  a  f a m i l ia r  exam ple, I s i n g 1 so lv ed  th e  model o f a 
o n e-d im en sio n a l ferrom agnet in  1925* Not u n t i l  a lm ost tw enty  y ea rs  
l a t e r  was th e  tw o-d im ensional I s in g  model so lv ed  e x a c t ly  by O n sag er,2 
and th en  o n ly  in  th e  l im i t  o f  z e ro  m agnetic  f i e l d .
N eedless to  sa y , o n e -d im e n sio n a l system s have en joyed a 
p o p u la r i ty  much th e  same as  t h a t  o f  a  w inn ing  team in  some s p o r t .
A com prehensive b ib lio g ra p h y  o f  o n e-d im e n sio n a l problem s so lv ed  
b e fo re  S p rin g , 1965 , a lo n g  w ith  a  b r i e f  d is c u s s io n  o f  c l a s s i c a l  
s t a t i s t i c a l  m echanics in  one d im en sio n , can be found in  a book by 
L ieb and M a t t i s .3
The phenomena o f  p h ase  t r a n s i t i o n s ,  such as c o n d e n sa tio n , 
i s  o f te n  observed  in  two- and th re e -d im e n s io n a l  p rob lem s. By choosing  
th e  more s im ple  o n e -d im en sio n a l a n a lo g , th e s e  phenomena a r e  u s u a lly  
ru le d  o u t ,  as has been d is c u s s e d  by s e v e ra l  a u th o r s .4" 6 However, 
th e re  a re  some im p o rtan t id e a s  t o  be g a ined  from th e  s tu d y  o f  one­
d im en sio n a l system s. F i r s t l y ,  o n e -d im e n sio n a l m odels can be u s e fu l
1
2
as  t e s t s  o f  m ath em atica l te c h n iq u e s  d es ig n ed  to  be used  on th e  more 
d i f f i c u l t  h ig h e r  d im en sio n a l p rob lem s. S eco n d ly , though few in  
n a tu r e ,  th e r e  a re  some r e a l  system s w hich a r e  n e a r ly  l i n e a r .  Ad­
s o rp t io n  a lo n g  a  polym er c h a in  m igh t be an exam ple o f  t h i s  ty p e  
problem . T h ird ly ,  phase t r a n s i t i o n s  a r e  presum ably  p o s s ib le  f o r  
c e r t a in  system s which c o n ta in  a  p o t e n t i a l  o f  i n f i n i t e  ra n g e , 7 *8 a  
s in g u la r  p o t e n t i a l ,9 o r  a p o t e n t i a l  w hich i s  n o t a  s im p le  sum o f  
f i n i t e  many-body p o t e n t i a l s ,  such as in  th e  c e l l  c l u s t e r  model o f  
F i s h e r . 10
Most such o n e -d im e n sio n a l system s s tu d ie d  have d e a l t  w ith  
m o lecu les  hav ing  t r a n s l a t i o n a l  freedom . 4 -8 *10“ 12 In  th e  p re s e n t  
w ork, we w i l l  s tu d y  system s w hich p o sse ss  b o th  t r a n s l a t i o n a l  and 
r o ta t i o n a l  c o o rd in a te s ,  in  an a tte m p t to  c l a r i f y  th e  c o n tr ib u t io n s  
o f  th e  r o ta t i o n a l  deg ree  o f  freedom  to  v a r io u s  thermodynamic p ro ­
p e r t i e s .
LATTICE GAS MODEL
L a t t i c e  m odels have been employed f re q u e n t ly  as a  b a s is
fo r  th e  d e s c r ip t io n  o f  dense  f l u i d s . 13 Neece14 h as  made u se  o f  a  
l a t t i c e  model to  s tu d y  a  system  o f  hard  l i n e  r o t a t o r s ,  c o n ce iv ed  a s  
a  p o s s ib le  model fo r  nem atic  l iq u id  c r y s t a l s .
d im en sio n a l l a t t i c e ,  each s i t e  o f  which i s  occup ied  by a  "non- 
. s p h e r ic a l  m o lecu le"  re p re s e n te d  by a sq u a re . Each m o lecu le  
i s  a llow ed  to  r o t a t e  ab o u t i t s  c e n te r ,  th e  only  i n t e r a c t io n  p r e s e n t  
b e in g  th e  ( i n f i n i t e l y )  h ard  co re  p o te n t i a l .  T h is  model was chosen  
because  i t  seemed to  be th e  s im p le s t p o s s ib le  model p o s s e s s in g  r o ­
t a t i o n a l  c o r r e l a t io n s  and many-body e f f e c t s ,  even to  th e  e x c lu s io n  
o f th e  t r a n s l a t i o n a l  d eg ree  o f  freedom .
The sq u a re  edge i s  s e t  equal to  one fo r  c o n v en ie n c e , and 
th e  l a t t i c e  s e p a ra t io n  w i l l  be denoted by a . (H ence, a l l  le n g th s  
a re  m easured in  u n i t s  o f  th e  sq u are  ed g e .)  The c a n o n ic a l  ensem ble 
p a r t i t i o n  fu n c tio n  th en  i s
s i f  any m o lecu les  o v e r la p .
As u s u a l ,  k  i s  th e  Boltzm ann c o n s ta n t ,  h i s  P la n c k 's  c o n s ta n t ,  and T 
i s  th e  a b s o lu te  te m p e ra tu re ;  L i s  th e  le n g th  o f th e  sy stem , w hich fo r
The model d is c u s s e d  in  t h i s  s e c t io n  c o n s is t s  o f  a  one-




w here A = h/(2T H kT )^, I  b e in g  th e  moment o f  i n e r t i a ,  and th e  e n e rg y , 
e , i s  d e f in e d  by




th e  l a t t i c e  m odel i s  j u s t  p ro p o r t io n a l  to  th e  number N o f  m o le c u le s . 
S in ce  a l s o  th e  h ard  c o re  p o te n t i a l  does n o t a llo w  d is c r im in a t io n  
betw een d i f f e r e n t  ( f i n i t e )  te m p e ra tu re s , th e r e  i s  on ly  one in d ep en ­
d e n t v a r i a b l e ,  w hich we ta k e  to  be th e  l a t t i c e  sp ac in g  a = L/N. The
-N / \f a c to r  o f  A in  E q u a tio n  (1 -1 )  r e s u l t s  from  th e  in te g r a t io n  o f  th e
momentum p a r t  o f  th e  p a r t i t i o n  f u n c t io n ,  le a v in g  th e  c o n f ig u ra t io n a l  
p a r t  to  be e v a lu a te d . In  t h i s  c a se  we a re  d e a lin g  w ith  a n g u la r  
momentum due to  th e  r o t a t i o n a l  n a tu re  o f  th e  model under s tu d y . The 
l i m i t s ,  (-TTA to  1T A ), d e f in e  th e  domain o f  d is t in g u is h a b le  r o ta ­
t io n s  o f  th e  m o le c u le s . The r o ta t io n s  a re  in d ic a te d  by 0^, as  shown 
in  F ig u re  1. The d i r e c t io n  o f  p o s i t iv e  r o ta t i o n  i s  tak en  as b e in g  
c o u n te rc lo c k w ise . In  F ig u re  2 , we show th r e e  p o s s ib le  c o n f ig u ra t io n s  
f o r  th e  system  w here th e  m iddle c o n f ig u ra t io n  i s  f o r  th e  c a s e ,  a  =
[1 + ( 2 ) ^ ] / 2 ., w hich w i l l  be denoted  by a Q.
N -l
The in te g ra n d ,  e x p ( -e /k T ) ,  may be w r i t t e n  as
w here
CO i f  m o lecu le  i  and i+1 o v e rla p  
K(e.,e1+1,a) = <
[1  o th e rw ise .
T h is  p a r t i c u l a r  f a c t o r i z a t i o n  i s  p e c u l ia r  to  system s o f  h ard  m ole­
c u le s  and i s  a  p r in c ip a l  re a so n  f o r  t h e i r  s tu d y . I t  can a ls o  be o f  
u se  in  d e a l in g  w ith  th e  h ig h  te m p e ra tu re  l im i t  o f r e a l  system s when 
a t t r a c t i v e  f o rc e s  a re  o f  l i t t l e  im p o rtan ce . A r e la t e d  s o r t  o f  
f a c t o r i z a t i o n  o ccu rs  w henever th e  fo rc e s  a re  p a irw ise  a d d i t iv e .
I f  p e r io d ic  boundary c o n d itio n s  a re  imposed ( e s s e n t i a l l y
th e  c y l in d e r  c o n v e n tio n  in  one d im en sio n , o r  N + 1 s  l ) ,  th e  p a r t i -
tht i o n  fu n c tio n  can be e v a lu a te d  by ta k in g  th e  t r a c e  o f th e  N i t e r a t e
F ig u re  1, D e fin in g  r e l a t io n s  f o r  two a d ja c e n t m o lecu les  a t  c o n ta c t .  
As shown, 02 i s  p o s i t i v e  and 0! n e g a t iv e .  In  th e  t e x t ,  
th e  p a i r  ( 0i , 0g) i s  o f te n  re p la c e d  by ( 0 ,cp).
5

F ig u re  2 . Sample r o t a t i o n a l  c o n f ig u ra t io n s .  The to p  c o n f ig u ra t io n  
i s  f o r  a  >  a o , th e  m idd le  one fo r  a = a0 , and th e  bottom  
one fo r  a  < ao . As in d ic a te d  by th e  m idd le  d iagram , a0 = 
(1 + ^ ) / 2 .
6

o f  th e  sym m etric k e rn e l  K. (See A ppendix I  f o r  f u r th e r  d e t a i l s . )
We have
N ^
A Q(N,L,T) = J \ . jjk ( 01 >e2 ;a )K (02 >05 ; a ) . . .K C 0̂ , 01 ; a ) d ( l ,N )
(1- 2)
■» t r K ^ .
We s h a l l  u se  th e  a b b re v ia t io n  d ( l ,N )  to  s ta n d  f o r  d@^, d02 , . . . . d 0 ^ .
By ta k in g  th e  l im i t  o f  th e  t r a c e  as N ap p roaches i n f i n i t y ,  we ob­
t a i n  th e  e x p re ss io n
lim (trK ^N^ )1/N = X, (1 -3 )
N -* ®
where \  i s  th e  dom inant ( l a r g e s t )  e ig e n v a lu e  o f  th e  i n t e g r a l  e q u a tio n
rr/4
U\u(e) = r K(0,cp)u(cp)dcp. (1 -^ )-rr/
We can  ex p re ss  th e  p a r t i t i o n  fu n c t io n  as
litn[ANQ (N ,L ,T )]1/N = X = e " ^ /N ,
N -* »
w here 0 = 1 /kT . S o lv in g  f o r  th e  H elm holtz f r e e  energy  we g e t
A = -N kT M . (1 -5 )
We w i l l  su p p ress  th e  momentum c o n t r ib u t io n s  to  th e  thermodynamic 
fu n c tio n s  (g iv e n  by A) and alw ays i n t e r p r e t  th e  symbols to  r e f e r  to  
th e  c o n f ig u ra t io n a l  p a r t .  The fu n d am en ta l therm odynam ic r e l a t io n s h ip
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dA = -SdT -  pdL + pdN
y ie ld s  th r e e  u s e f u l  r e p re s e n ta t io n s  o f  f u r th e r  therm odynam ic p ro p e r­
t i e s :
s = -(aA/5T)L>N;;, P = -(aA/aL)T>N; n = (aA/gN)T)L
( l - 6a)
From E q u a tio n s  (1 -5 )  and ( l - 6a ) we o b ta in
S/Nk = 4 M ,
p/kT = d ^ / d a ,
( l - 6b)
and
IJb/kT = -S/N k + p/kT  a ,
w hich g iv e s  u s  a  w orking  s e t  o f  e q u a tio n s .
We m ust c o n c e n tra te  on f in d in g  th e  dom inant e ig e n v a lu e  \  
and i t s  d e r iv a t iv e ;  th e  l a t t e r ,  as we s h a l l  s e e ,  w i l l  r e q u i r e  t h a t  we 
a ls o  compute th e  c o rre sp o n d in g  dom inant e ig e n v e c to r .  T hese a r e  b o th  
d e te rm in ed  by th e  p r o p e r t ie s  o f  th e  sym m etric k e r n e l  K(9,cp).
R e fe r r in g  to  F ig u re  1 , we need to  e x p re ss  th e  a llow ed  and 
n o n -a llo w ed  r o t a t i o n  a n g le s ,  0 and cp, as a  f u n c t io n  o f  th e  l a t t i c e  
p a ra m e te r , a .  T h is  i s  a  p u re ly  g e o m e tr ic a l prob lem . The e q u a tio n s  
o f  th e  l in e s  th ro u g h  p o in ts  1 and 2 and th ro u g h  p o in ts  5 an<* ^  a ^a
y^2 = •JCscG -  xCot0
and
y ^ -•JCsccp +  (a-x)Cotcp
r e s p e c t iv e ly .  At th e  p o in t  o f  in t e r s e c t io n  (m o lecu les  j u s t  to u ch in g ) 
th e  x -c o o rd in a te  i s  o b ta in e d  by s e t t i n g  y^g eq u a l to  y ^  to  g iv e
(1 -7 )
_ aCotcp -  £(C sc0 + Csctp)
Cotcp -  Cot0
But t h i s  a b s c is s a  m ust be th e  x -c o o rd in a te  o f  one o f  th e  p o in ts  1 -4 , 
and t h i s  o b s e rv a t io n  le a d s  to  th e  fo llo w in g  p o s s ib le  r e l a t io n s h ip s  
betw een 0 , cp, and a :
C os(0 -  cp +  TT/4) S (2aCoscp -  10 1 > |cp| 0 < 0
C o s(0 -  cp -  TT/4) 2; (2aCoscp -  1 ) / ^  {6 } > |cp| 0 > 0
C os(0 -  cp + TT/4) £ (2aCos0 -  l)Ay/£ 10 1 < |cp| cp > 0
Cos( 0 -  cp - TT/4) £ (2aCos0 -  1 ) / ^  16 1 < |cp| cp < 0
The i n e q u a l i t i e s  r e f e r  to  a llow ed  c o n f ig u ra t io n s ,  and th e  e q u a l i t i e s  
h o ld  when th e  m o lecu le s  a re  e x a c t ly  to u c h in g , so t h a t  th e s e  e x p re s ­
s io n s  d e l in e a te  th e  boundary betw een th e  re g io n s  in  w hich th e  k e r n e l ,  
K (0,cp), assum es i t s  two v a lu e s ,  z e ro  and one. B oundaries f o r  s e v e ra l  
v a lu e s  o f  th e  l a t t i c e  p a ram ete r a r e  shown in  F ig u re  3*
U n fo r tu n a te ly ,  an a n a ly t i c  s o lu t io n  o f  E q u a tio n  (1 -4 )  has 
n o t been d is c o v e re d , b u t a n u m eric a l s o lu t io n  can be o b ta in e d  from a 
c o rre sp o n d in g  s e t  o f  l i n e a r  a lg e b ra ic  e q u a t io n s . 15 E q u a tio n  (1 -4 )  
can  be approx im ated  by
n
\ u ( 0) ^  E K (9, cp. )u(cp. )Acp.,
i= l  1 x x
w here th e  cp^'s a re  d i s c r e t e  v a lu e s  o f  r o ta t i o n  im agined in  th e  ran g e  
( —TT/4,lT/4). They w i l l  alw ays be tak en  to  be e q u a lly  sp ac e d , so t h a t  
Acp̂  = TT/2n. R eq u irin g  b o th  s id e s  to  be e q u a l a t  th e  same n p o in ts  
c h o sen , we o b ta in  a  s e t  o f  n l i n e a r  e q u a tio n s
F ig u re  3 . Region o f  a llow ed  r o ta t i o n s  f o r  s e v e ra l  v a lu e s  o f  th e
l a t t i c e  p a ram ete r a .  The v a lu e s  o f a  a re  1 .0 2 , I . 0 5 , 1 .1 ,  
1 . 1 5 , 1 .1 8 , 1 . 207 , 1 . 2 3 , 1 . 2 5 , 1 . 3 , I . 3 5 , and 1 . U, in ­
c r e a s in g  outw ard from  th e  o r ig i n .  For each v a lu e  o f  a ,  
th e  i n t e r i o r  re g io n  ( c o n ta in in g  th e  o r ig in )  i s  th e  allow ed  
re g io n .
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= 2i K.(ek>9 i )u(cpi ) ,  k » 1 , 2 , . . . n ,  ( 1- 8 )
J*
w here \  = 2n\/TT. Assuming th e  scheme to  be c o n v e rg e n t, th e  a p p ro x i­
m atio n  i s  b e t t e r  f o r  l a r g e r  v a lu e s  o f  n .
The problem  i s  now reduced  to  a  m a tr ix  e ig e n v a lu e  e q u a tio n
J,
\  u = g y , where th e  e lem ents K (0^,cp;L) = a re  e i t h e r  one o r  ze ro  
as d e te rm in ed  by th e  in e q u a l i ty  r e l a t i o n s  o f E qua tions ( l-7 )» a n d  u^ 
i s  th e  n-com ponent ap p ro x im atio n  to  u (0k)* P h y s ic a l ly ,  th e  m a tr ix  
fo rm u la tio n  cou ld  be c o n s id e re d  to  c o rre sp o n d  to  a r e s t r i c t i o n  o f  
m o le cu la r  o r ie n ta t io n s  to  a  d i s c r e t e  s e t ,  somewhat analogous to  th e  
l a t t i c e  r e s t r i c t i o n  o f th e  t r a n s l a t i o n a l  c o o rd in a te s .
J,
To c a lc u la te  \  and vj by t h i s  schem e, an i t e r a t i v e  p ro c e s s 15 
i s  u se d . An i n i t i a l  guess x ^ ^  i s  made f o r  u j o p e ra t in g  on w ith
th e  m a tr ix  K g iv es
K ^ 1) = y^1 )
a*
.  x V 1’ .MK
We w i l l  r e p e a t  t h i s  o p e r a t io n ,  u s in g  n o rm a lized  2 ^ ^  as n ex t ap- 
(2 )p ro x im a tio n  x ' '  to  u . As th e  number o f  i t e r a t i o n s  i n c r e a s e s , th e  
v e c to r  x ^  w i l l  converge to  u ,  p ro v id e d  x f ^  i s  n o t o r th o g o n a l to  u . 
The convergence i s  fo llo w ed  by th e  d i f f e r e n c e s  in  th e  components o f 
su c c e ss iv e  approx im ate  v e c to r s .  When th e  maximum d i f f e r e n c e  i s  le s s  
in  a b s o lu te  v a lu e  th an  a  s p e c i f i e d  to le r a n c e ,  u s u a l ly  10“ 7 , th e  con­
v erg en ce  i s  c o n s id e re d  to  be co m p le te .
H aving, in  p r in c ip l e ,  found th e  maximum e ig e n v a lu e  and i t s  
co rre sp o n d in g  e ig e n fu n c t io n ,  we w i l l  now f in d  th e  d e r iv a t iv e  o f  \
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w ith  r e s p e c t  to  a .  R e tu rn in g  to  g e n e r a l ,  e x a c t r e l a t i o n s h i p s ,  we 
can  s o lv e  f o r  X from E qu a tio n  ( 1 - 4 ) ,  p ro v id ed  t h a t  we have n o rm alized  
e ig e n fu n c t io n s ,  to  o b ta in
X = J‘Ju(0)K (0,cp)u(cp)d0dcp ( 1 - 9 )
(U n less  o th e rw ise  in d ic a te d ,  a l l  d e f i n i t e  i n t e g r a l s  a r e  from  -TT/4 
to  TT/4. I t  should  a ls o  be u n d ersto o d  t h a t  K and u  a r e  a l s o  fu n c tio n s  
o f  th e  p a ram ete r a ,  a lth o u g h  t h i s  dependence i s  u s u a l ly  s u p p re s s e d .)  
The d e r iv a t iv e  i s  g iv en  by
dX /d a  = J*Ju/ (0)K(0,cp)u(cp)d0dcp +  J‘J u (0 )K (0 ,cp )u '(cp )d 0 d tp  
+  J*Ju( 0 ) K ' ( 0,cp)u(cp)d0dcp,
w here p rim es in d ic a te  a  p a r t i a l  d e r iv a t iv e  w ith  r e s p e c t  to  a  a t  .con­
s t a n t  a n g le s .  U sing E qu a tio n  (1 -4 )  we can w r i te  th e  d e r iv a t iv e  as
dX/da = X ju '(0 )u (0 )d 0  + \Ju(cp)u '(cp)d9  + J’J u ( 0)K / ( 0 ,cp)u(cp)d0dcp 
= \d /d a [ J u 2 ( 0 )d 0] + J’J u ( 0) K '( 0 ,cp)u(cp)d0dcp.
The f i r s t  te rm  i s  ze ro  s in c e  th e  i n t e g r a l  i s  i d e n t i c a l l y  one fo r  a l l  
a ,  due to  th e  n o rm a liz a tio n  o f th e  e ig e n fu n c t io n s .  The d e r iv a t iv e  
i s  th e n  g iv en  by th e  one term
d X /d a  = J*Ju(0)K '(0,cp)u(cp)d0dcp.
We sh o u ld  p o in t  o u t th a t  t h i s  r e s u l t  i s  s im i la r  to  t h a t  o f  th e  
He liman-Feynman Theorem o f  quantum m ech an ics , r e l a t i n g  th e  r a t e  o f 
change o f  th e  energy  to  th e  d e r iv a t iv e  o f  th e  H a m ilto n ian .
T h is  in te g ra n d  p re s e n ts  som ething o f  a  p roblem  s in c e  th e r e  
e x i s t s  a  boundary on w hich K(0,cp) i s  d is c o n tin u o u s  due to  th e  in ­
f i n i t e  p o t e n t i a l .  The boundary i s  th e  o n ly  p la c e  th e  d e r iv a t iv e
w i l l  have any n o n -z e ro  v a lu e  s in c e  K (0 ,ep) i s  c o n s ta n t in  th e  o th e r  
r e g io n s .
However, th e  problem  i s  n o t in su rm o u n tab le . S in ce  K (6 ,cp) 
i s  e i t h e r  z e ro  o r  o n e , \  can  be e x p re sse d  e q u iv a le n t ly  as
Y (a) 0 (0 ,a )
J d 0 E S  ©)u (cp)dcp] 
x ta )  a ( 0 ,a )
w here X (a) and Y (a) a r e  l im i t s  on 0, and a(@>a) and 0 (0 ,a ) a re  l im i t s  
on cp f o r  s p e c i f ie d  0, w hich may be o b ta in e d  from E qua tion  (1 -7 )•  The 
d e r iv a t iv e  i s
0 [Y (a ) ,a ]  0 [X (a ) ,a ]
d \ /d a  = Y 7(a )  f* u [Y (a) ]u(cp)dcp -  X '( a )  f u [x (a )  ]u(cp)dcp 
a [ Y (a ) ,a ]  a [X (a ) ,a ]
Y fa) Y (a)
+ J d 0 [ p / (0>a )u (9 )u {p(0>a )} ]  " J  d 0 [ a  ( 0 , a ) u ( 0) u { a (0 ,a ) .} ]  
X U ) x ( a )
Y( a ) P(0>a )
+ d0 J* dcp[u'(0)u(cp) +  u ( 0 ) u / (cp)] :
x t a ) a ( 0 , a )
w here th e  p rim es have th e  same m eaning as b e fo re .  I t  should  be remem­
b e re d  t h a t  th e  e ig e n fu n c tio n s  a r e  i m p l i c i t l y  dependent upon a . The 
f i r s t  two in t e g r a l s  a r e  Y '( a ) \u 2 [Y (a ) ]  -  X '( a ) \ u 2 [X (a ) ] .  U sing sym­
m e t r y ,  th e  l a s t  i n t e g r a l  i s
*Ca )   - YW  2
Xl(a) ’ xf
2 \d /d a  f  d 0u ( 0) u ' ( 0) = \{ d /d a  f  u d ( 0)d 0
■Va )
-  Y '( a ) u 2 [Y (a )]  + X / (a )u 2 [x (a )  ]}
= -Y '( a )  \u 2 [Y (a) ] + X '( a )  \u 2 [X (a) ] 
w hich e x a c t ly  c a n c e ls  th e  f i r s t  two i n t e g r a l s .  Hence th e  d e r iv a t iv e  i s
Y (a)
dX /da = J [P (0 » a )u (0 )u { p (0 ,a )} ]d 0
x U )
Y (a)
- j  [ a  ( e , a ) u ( 0)u { a (e ,a )} ]d cp  . ( l - l o )
X\a)
From th e  f i r s t  o f  E q u a t io n s ( l - j )  a '  i s  g iv en  in  th e  in d ic a te d  re g io n  
by
a* -  ( 2 )^C oscp /[S in (0-cpHTA) + ( 2 )^aSincp] }
where cp = a ( 0 ,a )  i s  d e te rm in ed  i m p l i c i t l y  by th e  same e q u a tio n . The 
a n a ly t ic  form s o f  a '  in  th e  o th e r  r e g io n s ,  as w e ll  as th o se  o f  p 7,
a re  o b ta in e d  j u s t  as s im p ly  from th e  rem ain in g  e q u a tio n s .
I t  i s  a p p a re n t t h a t  th e  f i n a l  e x p re ss io n  f o r  dX/da may be 
view ed as  a  l i n e  i n t e g r a l  around th e  p e r im e te r  o f  th e  re g io n  fo r  
which K(0,cp) = 1. I t  sh o u ld  a l s o  be r e a l i z e d  t h a t  f o r  a  > aQ th e re  
i s  no c o n t r ib u t io n  from th e  s t r a i g h t  b o u n d a rie s  0 ,cp = +TTA, s in c e  
th e  in te g ra n d  th e r e  v a n is h e s ;  o r  e q u iv a le n t ly ,  i f  c o n f ig u ra t io n  space 
were a llo w ed  to  be i n f i n i t e  and doubly  p e r io d ic ,  th e s e  l in e s  would 
n o t be b o u n d a rie s  a t  a l l .
The i n t e g r a l s  o f  E q u a tio n  (1 -1 0 ) a re  a c tu a l ly  e v a lu a te d  
as  sums, u s in g  th e  p re v io u s ly  d e te rm in ed  e ig e n v e c to r ,  to  o b ta in  th e  
e ig e n v a lu e  d e r iv a t iv e .  We now have enough in fo rm a tio n  to  c a lc u la te  
th e  f i r s t  o rd e r  therm odynam ic p r o p e r t i e s  o f  th e  system  by way o f  
E q u a tio n  ( l - 6b ) .
The e q u a tio n  o f  s t a t e  so o b ta in e d  i s  shown in  F ig u re  4 to  
p o sse ss  a  van d e r  W aals ty p e  " lo o p " , in c lu d in g  a  re g io n  o f  m echan ical 
i n s t a b i l i t y  (dp /dp  < 0 ) .  Such b e h a v io r  i s  a s s o c ia te d  w ith  th e  use o f
F ig u re  4. E q u a tio n  o f  s t a t e  f o r  th e  l a t t i c e  m odel. The cusp i s  a t
a = aQ, o r  ( l  + J 2 ) j 2 .  The t i e  l i n e  c o n n e c ts  th e  d e n s i t i e s  
0 .8 2 3  and 0 .8 6 2  (b o th  + 0 .0 0 5 ) ,  a t  pp = 7*78 +  O.O5 . The 









t h e  c a n o n ic a l  ensem ble and an im p l ic i t  o r  e x p l i c i t  r e s t r i c t i o n  o f
m o le c u la r  c o n f ig u ra t io n s  to  th o s e  w ith  u n ifo rm  d e n s ity  th ro u g h o u t .
th e  s y s te m .16 The cusp in d ic a te d  in  th e  low d e n s i ty  s id e  o f  th e
loop  a p p e a rs  to  o ccu r a t  a  l a t t i c e  sp ac in g  o f  aQ. T h is  sp a c in g  i s
th e  s m a l le s t  v a lu e  ..of a  f o r  w hich a m o lecu le  may r o t a t e  c o m p le te ly
i f  b o th  n e ig h b o rs  c o o p e ra te . The cusp ap p ears  to  be o f  f i n i t e
h e ig h t  s in c e  th e  h e ig h t in c r e a s e s  s l i g h t l y  f o r  in c r e a s in g  m a tr ix
s i z e  u n t i l  a  s l i g h t  d e c re a se  i s  o b se rv e d , as  in d ic a te d  in  T ab le  1.
The s i z e  o f  th e  m a tr ix  i s  in d ic a te d  by n ,  and (ip i s  th e  p r e s s u re
a t  a „ .  o
The e n tro p y  v e rsu s  d e n s i ty  cu rv e  i s  shown in  F ig u re  5 .
The r e l a t io n s h i p  betw een th e  en tro p y  and th e  e q u a tio n  o f  s t a t e  sh o u ld  
b e  n o te d ;  t h a t  i s ,  from  th e  s e t  o f  Equations (1 -6 b ) , we see  t h a t
p / k T  =  d ( s / N k ) / d a .
Thus th e  e q u a tio n  o f  s t a t e  can  be o b ta in e d  from th e  s lo p e  o f  th e  
e n tro p y  c u rv e .
The s ta n d a rd  remedy f o r  th e  m echan ica l i n s t a b i l i t y  i s  to  
e x c lu d e  s in g le -p h a s e  d e n s i t i e s  in  t h i s  range  th rough  th e  c o n s tr u c ­
t io n  o f  a  do u b le  ta n g e n t to  th e  en tro p y  c u rv e . The two p o in ts  o f  
d o u b le  tan g en cy  d e f in e  th e  end p o in ts  o f  a  t i e  l i n e  c o n n e c tin g  two 
s t a t e s  h av in g  d i f f e r e n t  d e n s i t i e s  bu t th e  same ch em ica l p o t e n t i a l .
The s lo p e  o f  th e  double ta n g e n t co rresp o n d s  to  th e  common p r e s s u re  
a t  w hich  th e  two "p h ase s"  c o e x i s t .  As u s u a l ,  t h i s  c o n s t r u c t io n  a l s o  
e x c lu d e s  m e ta s ta b le  d e n s i t i e s  n e a r  th e  d e n s i t i e s  o f  th e  c o e x is t in g  
p h a s e s ,  as  w e ll as th e  u n s ta b le  re g io n . We f in d  7*78 +  0 .0 5  f o r  th e
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Figure 5. E ntropy a s  a fu n c t io n  o f  d e n s i ty  f o r  th e  l a t t i c e  m odel. 
The p re s s u re  may b e  o b ta in e d  from  th e  n e g a tiv e  s lo p e .
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common p re s s u re  (d iv id e d  by kT) o f  th e  two e q u i l ib r a te d  p h a s e s , 
h a v in g  d e n s i t i e s  o f  0 .8 2 3  and 0 .8 6 2  + 0 .0 0 5 , as  shown in  F ig u re  4 .
I t  i s  a ls o  p o s s ib le  to  c o n s tru c t  th e  t i e  l i n e  by a p p ly in g  
th e  Maxwell Equal A rea Theorem17 which r e q u ir e s  e q u a l a re a s  above 
and below  th e  t i e  l i n e  in  th e  p re s  su re -v a lu m e /cu rv e t..
As in d ic a te d  in  th e  I n t r o d u c t io n ,  phase  s e p a ra t io n s  a r e  
o r d in a r i l y  a b se n t in  o n e-d im e n sio n a l sy stem s. I t  m ight be i n s t r u c ­
t i v e  to  o u t l in e  th e  f e a tu re s  o f  th e  p re se n t model w hich  a r e  re sp o n ­
s i b l e  f o r  th e  anomalous b e h a v io r  in  th e  p r e s s u r e - d e n s i ty  c u rv e .
Most g e n e ra l theorem s re g a rd in g  th e  b e h a v io r  o f  e ig e n v a lu e s  
and e ig e n fu n c tio n s  o f  i n t e g r a l  o p e ra to rs  such as K a r e  based  on th e  
a ssu m p tio n  th a t  th e  o p e ra to r  i s  a t  l e a s t  a  co n tin u o u s  fu n c t io n  o f  
i t s  m ain argum ents (0  and cp), as w e ll  as  o f  any p a ra m e te rs  p r e s e n t  
[ a ] .  S in ce  K i s  c l e a r ly  d isc o n tin u o u s  in  i t s  dependence on th e s e  
v a r i a b l e s ,  such theorem s a re  n o t a p p l ic a b le  and do n o t p ro v id e  any 
in fo rm a tio n  abou t th e  e x is te n c e  o r  absence o f  therm odynam ic s in g u la ­
r i t i e s .  We can n o t c o n c lu d e , f o r  exam ple, t h a t  th e  e ig e n v a lu e  X 
(and h e n c e , p /kT) i s  a  s in g le -v a lu e d  a n a ly t ic  fu n c t io n  o f  th e  d i s ­
ta n c e  p a ram e te r a .
Such a n a l y t i c i t y  in  f a c t  does n o t ap p ea r to  be p r e s e n t  f o r  
o u r m odel. At th e  expense o f  m ath em atica l r ig o r  we can  g a in  an  ac ­
c u r a te  q u a l i t a t i v e  u n d e rs ta n d in g  o f  th e  b e h av io r  to  be ex p ec ted  
from  th e  s o lu t io n  o f  E q u a tio n  (1 -4 )  by v iew ing  th e  e ig e n v a lu e  X(a) 
as th e  (w eig h ted ) a r e a  o f  th e  re g io n  in  which K = 1 , a s  shown by 
E q u a tio n  (1 -9 ) . . In  th e  same way we re g a rd  p/kT = X ^dX/da as  th e  
(w e ig h ted ) r a t i o  o f  p e r im e te r  to  a re a  o f  t h i s  r e g io n ,  as  in d ic a te d
by E q u a tio n  (1 -1 0 ) .  S in ce  b o th  p e r im e te r  and a r e a  change c o n tin u o u s ly  
w ith  th e  l e n g th  p a ram e te r a ,  we would e x p e c t th e  p re s s u re  to  be  a 
c o n tin u o u s  fu n c t io n  o f  a .  The d iv e rg e n c e  o f  p re s s u re  as  a ap p ro ach es  
one c o rre sp o n d s  to  th e  f a c t  t h a t  th e  p e r im e te r - to - a r e a  r a t i o  o f  a 
re g io n  becomes b o u n d less  a s  th e  s iz e  s h r in k s  to  z e ro .
The r a t e  o f  change o f  t h i s  r a t i o ,  how ever, m ust be e x p e c ted  
to  behave s in g u la r ly  a t  aQ, when th e  expanding  re g io n  j u s t  to u ch es  
th e  boundary  |0 | j |c p |  = TT/4. Thus th e  p r e s s u re  should  be a d i f f e r e n ­
t i a b l e  f u n c t io n  o f  a ,  ex c ep t a t  aQ.
We sh o u ld  p o in t  o u t t h a t  th e  p re s s u re  a s  h e re  d e f in e d  i s  
n o t th e  same a s  t h a t  computed in  u s u a l l a t t i c e  gas c a lc u la t io n s  be­
cau se  o f  th e  m anner in  w hich i t  i s  o b ta in e d ,  by v a ry in g  th e  l a t t i c e  
p a ram e te r  a .  In  f a c t ,  a t  t h i s  s ta g e  o f  th e  s tu d y  the  meaning o f  th e  
p r e s s u re  i s  o b s c u re . H o p e fu lly , in  th e  n e x t s e c t io n  we w i l l  be a b le  
to  u n d e rs ta n d  i t s  s ig n i f ic a n c e  more c l e a r l y .
GENERALIZED MODEL
To in tro d u c e  t r a n s l a t i o n a l  freedom  we a llo w  th e  l a t t i c e  
r e s t r i c t i o n  to  be r e la x e d  to  in c lu d e  a  g e n e ra l " n e a re s t-n e ig h b o r"
i n t e r a c t io n  betw een th e  m o le cu le s  in  a d d i t io n  to  th e  h ard  c o re . By
" n e a re s t-n e ig h b o r"  i n t e r a c t i o n ,  we mean th e  i n t e r a c t io n  betw een ad­
ja c e n t  m o le c u le s , th e  d i s ta n c e  over w hich th e  i n t e r a c t io n  tak e s  
p la c e  n o t n e c e s s a r i ly  b e in g  th e  same f o r  two d i f f e r e n t  p a i r s  o f  
m o lec u le s . No d i r e c t  i n t e r a c t io n  e x i s t s  betw een a p a i r  o f  m o lecu les  
s e p a ra te d  by a n o th e r ,  r e g a r d le s s  o f  th e  p o s i t io n  o f  th e  m o le cu le s . 
T ak ah ash i4 has  d ev e lo p ed  th e  fo rm alism  f o r  a  n o n - ro ta t in g  " n e a re s t-  
n e ig h b o r"  gas w ith  a  g e n e ra l  p o t e n t i a l .  The tre a tm e n t which fo llo w s  
w i l l  u se  T a k a h a s h i 's  developm ent as  a  g u id e l in e .
A gain  we w i l l  s tu d y  a  system  o f  N r o ta t i n g  m o le c u le s , r e ­
p re se n te d  by s q u a re s ,  whose c e n te r s  l i e  on a l i n e .  I f  we assume 
th e r e  e x i s t s  a  g e n e ra l  n e a re s t-n e ig h b o r  p o t e n t i a l  en e rg y , U( f , ,0 ) ,  
d e f in ed  by th e  p o s i t io n s  and r o ta t i o n s  o f  th e  m o le c u le s , th e  c a n o n ic a l 
p a r t i t i o n  f u n c t io n  becomes
/«  i \  L TT/4
Q(N,L,T) -  A ' '“ ' 1 ; X . . . J ,d | / . . . J 'd g e x p [ - B U ( |>g ) ] >
o - ttA
w here ■ x i + l  " x i*  T^ e I n te g r a t io n s  a re  s u b je c t  to  th e  r e s t r a i n t
* » « i  = L "  v - v  <2- l >i= l
thw here x . i s  th e  c o o r d in a te  o f  th e  i  m o le c u le ; th e  symbol I* s ta n d s  
f o r  {§1 ,5 2 , . . . ? N_ 1 }, and 0 s ta n d s  f o r  {01 ,0 2 , . . .  ©N-  x 3 - t o t a l
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le n g th  (volume^ o f  th e  system  I s  L , now a  t r u e  Independen t v a r i a b l e ,  
and A = tr/2T ]kT (m l)^  c o n ta in s  th e  a d d i t io n a l  f a c to r  o f  h/(2TfakT)^ 
from  th e  in t e g r a t io n  o f th e  r e c t i l i n e a r  momentum p a r t  o f  th e  p a r t i ­
t i o n  fu n c tio n . I t  sh o u ld  be re c o g n iz e d  t h a t  th e  p e r io d ic  b o u n d aries  
imposed in  th e  l a t t i c e  model a re  a b se n t h e re .
By chang ing  from  th e  c a n o n ic a l  p a r t i t i o n  fu n c t io n  to  an 
is o b a r ic  p a r t i t i o n  f u n c t io n ,  th e  cumbersome r e s t r i c t i o n ,  ( 2 - 1 ) ,  i s  
removed. We have
00
r(N,p,T) = jQ (N ,L ,T )exp(-pL /kT )dL  
o
/„  ® TTA
-  a " ( n ' 1) J ' . . . / d f j 1. . . / d g e x p C - ^ t l . e ) ] ,
o - t f A
where
u*(g ,e)  = u (g ,e )  + p s q ,
and p i s  th e  o n e -d im e n sio n a l p r e s s u re  w h ich , as  we s h a l l  s e e ,  i s  
q u i te  d i f f e r e n t  in  c h a r a c te r  from  t h a t  o f  th e  l a t t i c e  m odel. 
O bserv ing  th a t  U (§ ,0 ) can  be w r i t t e n  as
u ( | , e )  = V ^ q . e ^ e ^ ) .
we can w r i te  th e  e x p o n e n tia l  f a c t o r  exp[-|3U *(j*,0 ) ]  as
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The p a r t i t i o n  fu n c t io n  can  th en  be w r i t t e n  as
/„  n  ® TTA N -l
r ( N , p , T )  =  i T K C s ^ e ^ e ^ d g ^ .
o -TT/4 i= l
I f  we d e f in e
K „ (% -« i+ l)  -
r  O
' ( 2- 2 )
00
-  J ^ ^ e j ^ . e ^ J e x p t - p p ^ d g ,  
o b
where
K5( 0i » ei+ 1 ) "  e x p [ - p u ( |,0 1 ,0 i+ 1 ) ] ,
th e  p a r t i t i o n  fu n c tio n  becomes
/„  , X TTA n - i_  
r(N ,p ,T)  = a"' TT K f 0 . , 0 i+ 1 )d0 .
-TTA i= l  P 1 1+1 1
For a  s im p le  check we w i l l  look  a t  th e  i d e a l  gas w here 
K g (0 i ,0 i+ i )  a  1. The p a r t i t i o n  f u n c t io n  i s
r (N ,p ,T )  = (2TThikT/h2 JN /2 (2TrikT/h2 )N /2 (Tr/2)N(k T /p )N
The f i r s t  two term s come from in t e g r a t i n g  th e  momentum p a r t  o f  th e  
p a r t i t i o n  f u n c t io n .  The l a s t  two come from  th e  c o n f ig u r a t io n a l  p a r t ,  
th e  l a t t e r  from  in te g r a t io n  o v er § and th e  fo rm er from  in te g r a t io n  
o v er
The c h a r a c t e r i s t i c  e q u a tio n  f o r  th e  i s o b a r ic  p a r t i t i o n  
fu n c t io n  i s 1®
dG -  -SdT + Ldp + ydN, (2 -3 )
2k
w here G = -kTGnf i s  th e  Gibbs f r e e  en e rg y . From th e se  two e q u a t io n s ,  
we o b ta in  fo r  L ,
L = (ao/ap)T>N 
=  - k T ( a ^ r / a p ) T j N
= NkT/p,
w hich i s  th e  id e a l  e q u a tio n  o f  s t a t e .
For T a k a h a sh i 's  n o n - ro ta t in g  " n e a re s t-n e ig h b o r"  gas we
f in d  K -  e x p [-p U (g )] . K i s  
3 P
00




N j* |exp[-p{u(§) +  p ?} ]d §
L = — ------------------ :-----------------  ,
00
Jex p [-0 {U (§ ) + p§}]d?  
o
w hich i s  th e  same e x p re s s io n  fo r  L as  th a t  o b ta in e d  by T ak ah ash i.
Tonks11 s tu d ie d  a gas o f  h ard  rods f r e e  to  t r a n s l a t e  a lo n g  
a l i n e  s u b je c t  to  th e  im p e n e tra b le  h a rd  co re  d iam e te r a> w hich in  one 
d im ension  i s  th e  le n g th  o f th e  ro d .
The f i r s t  model we w i l l  d e s c r ib e  in  t h i s  s e c t io n  w i l l  be 
e s s e n t i a l l y  a  T onks1 gas w ith  th e  m o lecu les  re p re s e n te d  by sq u a re s  in ­
s te a d  o f  r o d s . ( h e r e a f t e r  r e f e r r e d  to  as  f r e e  t r a n s l a t o r ) .  The 
m o lecu le s  a re  a llow ed  to  r o t a t e ,  th u s  g iv in g  some r o t a t i o n a l  depen­
dence to  th e  h a rd  c o re  d ia m e te r ,  a> We m ight th in k  o f  a  as b e in g  
th e  r e s u l t a n t  o f  two te rm s , one due to  th e  hard  co re  le n g th  o f  th e
m o le cu le  ( in  t h i s  c a s e ,  we w i l l  choose one a g a in )  and a n o th e r  which 
I s  dependen t upon th e  r o t a t i o n a l  a n g le s  o f  a d ja c e n t m o le c u le s .
R e tu rn in g  to  th e  s e r i e s  o f  E q u a tio n s (2 -2)  we can w r i te  f o r  
th e  f r e e  t r a n s l a t o r
w here N -l i s  f o r  co n v en ien ce  re p la c e d  by N f o t  la rg e  N. The fu n c­
t i o n a l  form o f  a ( 0£»0£+ 2_) i s o b ta in e d  by so lv in g  f o r  a  from one o f 
th e  s e t  o f  E q u a tio n s  ( 1 - 7 ) .  A gain we have n o t been a b le  to  e v a lu a te  
T a n a l y t i c a l l y .  However, we can  ap p ly  th e  same te c h n iq u e  used  in  
th e  l a s t  s e c t io n .
th e  p a r t i t i o n  fu n c t io n  from  th e  l a r g e s t  e ig e n v a lu e  o f  an a p p ro p r ia te  
i n t e g r a l  e q u a tio n . P ro v id in g  th a t  we have a n o rm alized  e ig e n v e c to r ,  
th e  e ig e n v a lu e  i s
o th e rw ise
w hich g iv e s  r i s e  to  th e  fo llo w in g  i n t e g r a l  f o r  K (©., »0., .-i):■pvui 5° i + l ' -
00
= ex p [-p p o (0 i ,0 i+ 1 ) ] /p p  .
The p a r t i t i o n  fu n c t io n  i s
N TTA ■ N
r(N,p,T) = a“ J ' . . . ] '  it e x p C - p p a ^ , © ^ ) ; ] / ^ ^ ,
-Tf/ii. -1=1 /- tA i l
We r e c a l l  t h a t  we can  f in d  an asy m p to tic  e v a lu a t io n  o f
TTA




The o n ly  d i f f e r e n c e  betw een t h i s  e q u a tio n  and t h a t  o f  th e  l a t t i c e  
model I s  th e  k e r n e l ,  K^(0,cp)'. H ere we have a  somewhat more complex 
b u t co n tin u o u s  k e r n e l ;  w hereas In  th e  l a t t i c e  model th e  k e rn e l  was 
d isc o n tin u o u s  on th e  bou n d ary .
From E qua tion  (2- 3 ) and th e  f a c t  t h a t  2nT i s  eq u a l to  NflnX, 
we o b ta in  o u r s e t  o f  w ork ing  e q u a tio n s :
L/N = - k T ( « / d p ) T ;  y / k T  = -Bn\t ( 2- 5 )
where we c o n s id e r  o n ly  th o s e  c o n t r ib u t io n s  w hich a r e  c o n f ig u ra t io n a l  
in  o r ig in .  T hus, a g a in  we need  to  f in d  th e  maximum e ig e n v a lu e  and 
i t s  d e r iv a t iv e ,  t h i s  tim e  w ith  r e s p e c t  to  p r e s s u re  a t  c o n s ta n t  tem­
p e r a tu r e ,  o r  e q u iv a le n tly  w ith  r e s p e c t  to  th e  v a r ia b le  0p .
R e tu rn in g  to  E q u a tio n  ( 2 - 4 ) ,  th e  e ig e n v a lu e  was found by 
u s in g  th e  m a tr ix  a p p ro x im a tio n  a s  in  P a r t  One. The d e r iv a t iv e ,  
how ever, tu rn s  o u t to  be s im p le r .  I t  can  be e x p re sse d  as  th e  doub le  
i n t e g r a l
TTA
( a \ / d p ) T = J  J u ( e ) [ S K  ( e , c p ) / d p ] Tu(cp)d0dcp,  
-TTA
where th e  o th e r  term s c a n c e l , a g a in  b ec a u se  o f symmetry and th e  use  
o f  n o rm alized  e ig e n fu n c tio n s . The d e r iv a t iv e  o f  th e  k e rn e l  i s  e a s i ly  
de term ined  t o  be
[SKp(0»<p)/dp]T>N = e x p [-p p a (e ,cp )]£ -o (0 ,< p )/p  - 1 /pp2 ]*
The d e r iv a t iv e  o f  th e  e ig e n v a lu e  th e n  becomes
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2
(d X /d p L  N = j* J u ( 0 ) e x p [ - p p a ( 0 ,9 ) ] [ “ G(0,cp)/p -  1 /pp ]u(cp)d0dcp
A,W -TTA 
TTA
= - \ / p  -  (1/l^J J u ( 0 ) o ( 6 ,c p ) e x p [ - 0 p a ( 0 >cp)]u(cp)d0dcp.
-TTA
Combining t h i s  d e r iv a t iv e  w ith  E qua tion  ( 2- 5 ) > we f in d  fo r  th e  equa­
t io n  o f  s t a t e ,
TTA
L/N = 1/0P  + ( l / p p ^ [  J u (0 )CT(0,cp)exp[-0po(0,cp)]u(cp)d0dep,
- f l A
w here th e  doub le  i n t e g r a l  i s ,  in  f a c t ,  to  be e v a lu a te d  as a  doub le  
sum, u s in g  th e  n u m e ric a lly  determ ined  e ig e n v e c to r  o f  th e  m a tr ix  r e -  
p r e s e n t in g  K^.
The e q u a tio n  o f  s t a t e  i s  shown in  F ig u re  6 , in d ic a te d  by 
th e  c i r c l e s  in  any one o f  th e  g rap h s. The m ost s t r i k i n g  f e a tu r e  o f  
t h i s  model i s  th e  absence o f th e  p h ase  t r a n s i t i o n  found by th e  l a t t i c e  
a p p ro x im a tio n . F u r th e r  d isc u s s io n  o f  th e  p r o p e r t i e s  o f  th e  f r e e  t r a n s ­
l a t o r  model w i l l  be tak en  up as th e  h ig h  te m p e ra tu re  l im i t  o f  a  harm onic 
model to  be c o n s id e re d  n e x t.
We have j u s t  p re se n te d  a T o n k s1 gas w ith  r o t a t i o n a l  e f f e c t s  
in c lu d e d . K oppel19 has s tu d ie d  a g e n e ra l iz e d  T o n k s ' gas w here th e  
rods w ere co nnected  w ith  s p r in g s . He e v a lu a te d  th e  c a n o n ic a l  p a r t i ­
t i o n  fu n c t io n  by th e  e le g a n t bu t la b o r io u s  m ethod o f  s te e p e s t  d e s c e n ts .  
N o rth c o te  and P o t t s 20 showed l a t e r  t h a t  an e q u iv a le n t  e v a lu a t io n  can 
be accom plished  more sim ply by tra n s fo rm in g  to  an i s o b a r lc  p a r t i t i o n  
f u n c t io n  as we have j u s t  p re se n te d . No phase  t r a n s i t i o n  was found 
by e i t h e r  in v e s t ig a t io n .  The fo llo w in g  m odel i s  t r e a t e d  in  e s s e n t i a l l y
F ig u re  6 . E q u a tio n s  o f  s t a t e  f o r  th e  g e n e ra liz e d  m odel. The th r e e  
d iagram s co rresp o n d  to  d i f f e r e n t  v a lu e s  o f  th e  p a ram e te r  
b ,  which lo c a te s  th e  p o s i t io n  o f  th e  minimum o f  th e  h a r ­
monic p o t e n t i a l ,  and c o n se q u e n tly  th e  r e c ip r o c a l  d e n s i ty  
a t  low te m p e ra tu re s . Each d iagram  c o n ta in s  e ig h t  i s o ­
therm s shown as  l i n e s , r e p re s e n t in g  te m p e ra tu re s  d e f in e d  
by FC v a lu e s  o f  0 .0 1 ,  0 .0 5 ,  0 .1 ,  0 .2 5 ,  O .5 , 1 .0 ,  2 .0 ,  and
5 .0 .  The iso th e rm s  o ccu r in  t h i s  o rd e r  from l e f t  to  r i g h t  
in  th e  low er p a r t  o f each d iag ram ; th e  o rd e r  becomes i n - : 
v e r t e d ,  how ever, a t  h ig h  p r e s s u r e s ,  as shown m ost c l e a r l y  
f o r  b = 1 .6 . The h ig h  tem p e ra tu re  l im i t  i s  th e  f r e e  
t r a n s l a t o r  m odel f o r  which c i r c l e s  a re  shown ly in g  n e a r  
th e  FC *= 0 .0 1  iso th e rm . The low te m p e ra tu re  l i m i t  would 
be  a  v e r t i c a l  l i n e  a t  d e n s ity  b
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th e  same manner as th a t  o f  N o rth c o te  and P o t t s ,  ex tended  to  accommo­
d a te  th e  r o ta t i o n a l  d eg ree  o f  freedom .
For th e  f r e e  t r a n s l a t o r  m odel, th e  " n e a re s t-n e ig h b o r"  
p o t e n t i a l  was ze ro  u n le s s  th e  m o le cu le s  w ere bumping in to  each  o th e r .  
We w i l l  now c o n s id e r  a  m odel w hich r e p la c e s  th e  ze ro  p a r t  o f  th e  f r e e  
t r a n s l a t o r  p o te n t i a l  w ith  th e  p o t e n t i a l  o f  a  H ooke's Law s p r in g  o f 
f o rc e  c o n s ta n t f  ( h e r e a f t e r  r e f e r r e d  to  as s q u a re - s p r in g s  m o d el).
I f  we l e t  b be th e  d is ta n c e  betw een a d ja c e n t m o lecu les  a t  t h e i r  po­
t e n t i a l  energy minimum, th e  " n e a re s t-n e ig h b o r"  p o t e n t i a l  ta k e s  th e  
fo llo w in g  form:
J J f / ^ q - b ) 2 gt  >  a ( 0t , 91+1) f o r  a l l  i  
os o th e rw is e ,
IV-
u ( S i , 0i> e i+ 1 ) =
w here a ( 0 ^ » 0 .^ )  *s t *le  same as *n f re e  t r a n s l a t o r .  Then, from 
E q u a tio n  (2 -2 )  we have
K's<ei> ei+ 1 >
e x p O f e f / ^ - b ) 2 ]  >  a( e ^ B ^ )
f 0  o t h e r w i s e
a n d
K ( 0i , 01+i )  = J e x p C -p K f /^ g -b )2 + p g )]d g .
o (0 i> 0 1+i )
T h i s  i n t e g r a l  c a n  b e  e x p r e s s e d  a s  t h e  c o m p l e m e n t  o f  a n  e r r o r  f u n c ­
t i o n 2 1  t o  g i v e
K ( 0i , 01+1) = fc(TT/FC)*exp[(0p)2 AFC -  ppb]
e rfc [{ 2 F C (a -  b ) + P p )/2 (F C )* ],
where
e r f c ’(x ) = (2/^rtJ|*exp[-t2 ] d t ,
x
and FC i s  o u r second in d ependen t v a r i a b l e ,
FC = p f /2 .
E v a lu a tio n  o f  th e  p a r t i t i o n  fu n c t io n  i s  th e  same as  in  th e  
f r e e  t r a n s l a t o r  c a s e ,  ex ce p t f o r  a  d i f f e r e n t  form  o f  ^ > (0^ , 0^ ^ ) .  
Knowing n u m e ric a lly  th e  e ig e n v a lu e  and th e  c o rre sp o n d in g  e ig e n fu n c ­
t io n  f o r  th e  p re s s u re  d e r iv a t iv e ,  we can  a r r i v e  a t  th e  e q u a tio n  o f 
s t a t e :
TTA
L/N = -  0p/2FC + b + ( 1 /2 F C \) | ju (0 )
- -'TTA ( 2 _ 6 )
p
ex p [-F C (a  -  b ) -(3p<j]u(cp)d0dcp.
S e v e ra l iso th e rm s f o r  th r e e  v a lu e s  o f  b a r e  p re s e n te d  in  
F ig u re  6 . We make th e  fo llo w in g  o b s e rv a t io n s :
a ) There ap p ears  to  be no ev id e n ce  o f  a  p hase  t r a n s i t i o n .
b) The d e n s i ty  obeys th e  fo llo w in g  r e l a t i o n s h i p ,  w hich can be 
proven a n a l y t i c a l l y  (se e  A ppendix I I ) ;
p(b ,FC, 0p) = p [b ',F C ,;pp -  2 F C ( b - b ') ] .
c ) At low d e n s i t i e s  th e  p r e s s u re  ap p ro ach es  t h a t  due to  sp rin g s  
a lo n e  and can be p r e d ic te d  by
-0p s: 2FC(p”1 -  b ) .
(See Appendix 1IIB  f o r  a  d e s c r ip t io n  o f  a  model c o n s is t in g  
o n ly  o f  s p r in g s . )  A n e g a t iv e  p r e s s u re  c o rre sp o n d s  to  
s t r e tc h in g  th e  sp r in g s  a p a r t  ( p o s i t i v e  t e n s io n ) .
d )  T h e  g r a p h s  s e e m  t o  s h o w  t h a t  a s  FC i n c r e a s e s  t h e  d e n s i t y  
a p p r o a c h e s  b ” * \  T h i s  i s  e s p e c i a l l y  e v i d e n t  i n  t h e  s e t  o f  
g r a p h s  w h e r e  b  e q u a l s  1 . 6 ,  a n d  t h e  i s o t h e r m s  a r e  s h o w n  c r o s ­
s i n g  e a c h  o t h e r .  ( S e e  e )  b e l o w !<) F o r  a  p r o o f  t h a t  t h e  
d e n s i t y  d o e s  i n  f a c t  a p p r o a c h  b ” ^  w h e n  FC a p p r o a c h e s  i n f i ­
n i t y ,  s e e  A p p e n d i x  IV .
e )  I n  l i g h t  o f  d )  a b o v e ,  w e o b s e r v e  t h a t  i f  t h e  d e n s i t y  i s  
l e s s  t h a n  b  \  t h e n  i t  i n c r e a s e s  a s  FC i n c r e a s e s .  I f ,  
h o w e v e r ,  t h e  p r e s s u r e s  a r e  s u f f i c i e n t l y  l a r g e  s o  t h a t  t h e  
d e n s i t y  i s  g r e a t e r  t h a n  b  t h e n  i t  d e c r e a s e s  a s  FC i n ­
c r e a s e s ,  r e f l e c t i n g  a  n e g a t i v e  c o e f f i c i e n t  o f  t h e r m a l  e x ­
p a n s i o n .  P h y s i c a l l y ,  t h e s e  t w o  t r e n d s  a r e  i n t e r p r e t e d  a s  
a  c o n s e q u e n c e  o f  a  s e a r c h  f o r  t h e  p o t e n t i a l  e n e r g y  m in im u m  
a s  t h e  t e m p e r a t u r e  d e c r e a s e s .
f )  F i n a l l y ,  w e n o t i c e  t h a t  a s  FC a p p r o a c h e s  z e r o ,  t h e  i s o t h e r m s  
a p p r o a c h  t h o s e  o f  t h e  f r e e l y  t r a n s l a t i n g  m o d e l ,  r e p r e s e n t e d  
b y  t h e  c i r c l e s .
I t  m i g h t  b e  w e l l  t o  p o i n t  o u t  t h a t  a n  u n d e r s t a n d i n g  o f  t h e  t r e n d s  c.) 
t h r o u g h  f )  i s  e s s e n t i a l  t o  a  s u b s e q u e n t  d i s c u s s i o n  o f  t h e  t h e r m a l  
p r o p e r t i e s  o f  t h i s  m o d e l .
We h a v e  a l r e a d y  I n v e s t i g a t e d  t h e  h i g h  t e m p e r a t u r e  l i m i t  o f  
t h e  s q u a r e - s p r i n g s  m o d e l  a s  t h e  f r e e  t r a n s l a t o r .  We k n o w  f r o m  o b s e r ­
v a t i o n  d )  t h a t  t h e  e q u a t i o n  o f  s t a t e  i n  t h e  l o w  t e m p e r a t u r e  l i m i t  o f  
t h e  s q u a r e - s p r i n g s  m o d e l  a p p r o a c h e s  a  v e r t i c a l  l i n e  a t  a  d e n s i t y  o f  
b " ^ .  We w i l l  now  l o o k  a t  t h e  lo w  t e m p e r a t u r e  l i m i t  o f  a n  e x p r e s s i o n  
w h i c h  i s  d e p e n d e n t  o n l y  u p o n  t h e  r o t a t i o n a l  e f f e c t s  p r e s e n t .
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R ew ritin g  E q u a tio n  (2 -6 )  in  th e  fo llo w in g  way,
Pp * ( l /X ) J ‘Ju (0 )e x p [-F C (Cy-b)2 -  Ppcr]u(cp)d6dcp -  2FC(L/N-b),
we have an e x p re s s io n  f o r  th e  p r e s s u re  in  which th e  f i r s t  term  on th e  
r i g h t  r e s u l t s  p r im a r i ly  from  th e  s h o r t- ra n g e  r e p u ls iv e  fo rc e s .  The 
second te rm  i s  th e  harm onic c o n t r ib u t io n  which we can  e a s i ly  under­
s ta n d .  We want to  look more c lo s e ly  a t  th e  b e h a v io r  o f th e  f i r s t  te rm , 
s in c e  i t  c o n ta in s  th e  r o t a t i o n a l  c o n t r ib u t io n s  to  th e  p re s s u re .
I f  we d e f in e  pp* as
Pp*  a  pp +  2 F C (L /N  -  b )  , 
we can  show th a t  ( se e  A ppendix VA f o r  p ro o f)
* *  i c ^ r > epM T ’
LATw here pp i s  th e  p r e s s u re  o b ta in e d  in  th e  l a t t i c e  model w ith  th e  
p a ra m e te r  a  s e t  eq u a l to  b . I t  sh o u ld  b e  reco g n ized  th a t  t h i s  p re s ­
s u re  pp* in  g e n e ra l depends on b o th  th e  te m p e ra tu re  (FC-) and th e  t o t a l  
p r e s s u re  (P p ).
LATT hat pp* sh o u ld  approach  pp i s  i n t u i t i v e l y  obvious s in c e  
w ith  v e ry  low te m p e ra tu re  th e  system  becomes more and more l a t t i c e ­
l i k e .  We shou ld  a l s o  adm it t h a t  th e  p r e s e n t  tre a tm e n t i s  no t r e a l l y  
c o r r e c t  in  t h i s  l i m i t ,  s in c e  a t  low te m p e ra tu re s  th e  v ib r a t io n s  should  
be  t r e a t e d  quantum m e c h a n ic a lly  in s te a d  o f  c l a s s i c a l l y .
We have c a lc u la te d  pp* f o r  in c r e a s in g  FC (d e c re a s in g  tem­
p e r a tu r e )  and a few v a lu e s  o f  b . F ig u re  7 shows pp* p lo t te d  a g a in s t  
d e n s i ty  f o r  FC e q u a l to  1 , 5 , 10» 20 , 50> 100, 500> and 1000, where 
th e  ran g e  o f  pp i s  th e  same f o r  each  FC. N o tice  t h a t  as FC in c r e a s e s ,
F ig u re  J . Low te m p e ra tu re  convergence  o f  th e  p r e s s u re  increm ent due 
to  r o t a t i o n .  The q u a n t i ty  p lo t te d  as a  fu n c tio n  o f  den­
s i t y  i s  th e  t o t a l  p r e s s u re  l e s s  th e  c o n t r ib u t io n  a t t r i b u ­
ta b le  to  th e  harm onic f o r c e s ,  o r  PfF as d is c u s se d  in  th e  
t e x t .  The d i f f e r e n t  b v a lu e s  w ere chosen  so th a t  th e  
l im i t in g  d e n s i t i e s  would be r e p r e s e n ta t iv e  o f th e  two- 
phase and o n e -p h ase  re g io n s  o f  F ig u re  4 . Each l i n e  i s  an 
iso th e rm  r e p r e s e n t in g  th e  dependence o f  (3]^ on th e  t o t a l
p re s s u re  pp, w hich v a r i e s  from  !)• to  12 in  each in s ta n c e .
For b = 1 .1 ,  th e  FC v a lu e s  from  l e f t  to  r ig h t  a re  1 , 5 ,
10, 20 , 5 0 , 100, 500, and 1000. The d e c re a s in g  s e n s i t i ­
v i t y  o f  pp* to  t o t a l  p r e s s u re  shou ld  be n o te d ; a t  th e  
low est te m p e ra tu re s  (FC = $00 and 1000) th e  c a lc u la te d  
p o in ts  have been  o m itte d  a l to g e th e r  f o r  c l a r i t y .  The i s o ­
therm s o c cu r in  th e  same o rd e r  f o r  th e  o th e r  b v a lu e s , 
e x cep t f o r  th e  two lo w est te m p e ra tu re s  in  th e  tw o-phase
re g io n . The l im i t  p o in ts  approx im ated  by th e  FC = 1000
iso th e rm s , sh o u ld  be  compared w ith  th e  l a t t i c e  cu rv e  shown 
in  F ig u re
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th e r e  i s  a  d e c re a se  in  th e  p r e s s u re  dependence o f  gp*. T here a l s o  
seems to  be  some p e c u l ia r  b e h a v io r  in  th e  cu rv es  f o r  FC e q u a l t o  500 
and 1000 f o r  b v a lu e s  in  th e  neighborhood o f  1 .2  ( th e  p h ase  t r a n s i ­
t i o n  o c c u rre d  a t  a  a  1 .2 0 7  in  th e  l a t t i c e  m odel). I f  we ta k e  a  
c lo s e r  look  a t  one iso th e rm  (FC = 1000, b = 1 .2 ) by expand ing  th e  
s c a le  and th e  ran g e  o f  gp, we o b ta in  a graph o f th e  ty p e  shown i n  
F ig u re  8 . "Van d e r  W aals" loops o f  th is  s o r t  may be o b ta in e d  a t  
s u f f i c i e n t l y  low te m p e ra tu re s  as long  as th e  d e n s i t i e s  a re  in  th e  
v i c i n i t y  o f  th e  phase  t r a n s i t i o n  ( 0 .8 1 - 0 .8 5 ) .  For m o d era te  p r e s s u re  
r a n g e s , t h i s  means a  v a lu e  o f  b” 1 in  th e  same ra n g e , 0 . 81- 0 . 8 5 .
The ap p earan ce  o f  th e  g raph  in  F ig u re  8 i s  m is le a d in g  
b ecau se  o f  th e  v e ry  expanded s c a le .  I f  we use  a  more r e a s o n a b le  
s c a l e ,  we o b ta in  a  sm all p o r t io n  o f  a  l a r g e r ,  more com ple te  g rap h  
w hich spans th e  e n t i r e  d e n s i ty  ra n g e . A few o f th e s e  sm a ll p o r t io n s  
a r e  in d ic a te d  by th e  p o in ts  in  F ig u re  9* R e fe r r in g  back  to  r e l a t i o n  
(d ) d is c u s s e d  e a r l i e r ,  i t  i s  easy  to  see  why we a re  a b le  to  g e t  o n ly  
a  sm all p a r t  o f  th e  d e n s i ty  cu rv e  from a s in g le  v a lu e  o f  b f o r  any 
la r g e  v a lu e  o f  FC.
Remembering th a t  we have proved (Appendix VA) t h a t  gp* ap-
LAX / *■p ro ach es  pp ( a t  a  = b ) w ith  in c re a s in g  FC, we can o b ta in  pp o v er
th e  f u l l  d e n s i ty  ran g e  more sim ply  by m erely  v a ry in g  b . A v a r i a t i o n  
o f  b am ounts to  chan g in g  th e  shape o f th e  in te rm o le c u la r  p o t e n t i a l  
and a t  f i r s t  seems d e c id e ly  n o n -p h y s ic a l .  However, a  f u r t h e r  exam in­
a t io n  o f  r e l a t i o n  (b ) w i l l  j u s t i f y  t h i s  approach .
R e la t io n  (b ) says th a t  th e  d e n s ity  a t  a  p a r t i c u l a r  s e t  o f  
v a r ia b le s  b ,  FC, and gp, i s  eq u a l to  th e  d e n s ity  a t  a  d i f f e r e n t  v a lu e
F ig u re  8 . R o ta t io n a l  p r e s s u re  in crem en t over an expanded p re s s u re  
ra n g e . To o b ta in  cu rv es  o f  t h i s  s o r t ,  two req u irem en ts  
m ust be m et: th e  te m p e ra tu re  m ust be low enough to
l o c a l i z e  th e  m o lecu les  and th e  p re s s u re  m ust be ex trem e 
enough to  p roduce a s ig n i f i c a n t  v a r i a t io n  in  d e n s i ty .  
H ere , th e  t o t a l  p r e s s u re  pp f o r  th e  p o in ts  shown v a r ie s  
from  0 to  54.
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F ig u re  9* C l a r i f i c a t i o n  o f  th e  app roach  to  th e  l a t t i c e  l i m i t .  The 
l in e s  r e p r e s e n t  th e  v a r i a t i o n  o f  pp produced  by changes 
in  th e  p a ram e te r b ;  in  each  c a s e ,  th e  t o t a l  p r e s s u re  pp 
i s  z e ro . The th r e e  te m p e ra tu re s  shown in  o rd e r  o f  in ­
c re a s in g  s t r u c t u r e  a re  f o r  FC = 100, 500, and 10 ,0 0 0 . The 
c i r c l e s  a l l  b e lo n g  to  a n o th e r  low te m p e ra tu re , FC.= 1000, 
and r e f l e c t  th e  dependence o f  pp* on t o t a l  p r e s s u re  w ith  
f ix e d  p a ram e te r  b . T hree  b v a lu e s  a re  i l l u s t r a t e d  by s e ts  
o f  c i r c l e s  ( l . 3 > 1 *2 , and 1 .1  from  l e f t  to  r i g h t ) ,  a l ­
though in  p r i n c i p l e  one b v a lu e  would s u f f i c e  to  map th e  
e n t i r e  iso th e rm . C om puta tional d i f f i c u l t i e s  a t te n d in g  th e  
extrem e p re s s u re s  r e q u ire d  re n d e r  t h i s  approach  u n f e a s ib le .  
For co m p ariso n , th e  l a t t i c e  c u rv e  from  F ig u re  4 i s  in c lu d ed  
b u t d is p la c e d  v e r t i c a l l y  fo r  c l a r i t y .
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o f  b ,  same FC, and th e  o r ig in a l  pp p lu s  a  c o r r e c t io n .  A ll  t h a t  we 
need show i s  t h a t  pp* i s  th e  same in  e i t h e r  c a s e .  By d e f i n i t i o n ,
Pp* f o r  th e  o r ig in a l  s e t  o f  c o n d it io n s  i s
pp* = pp + 2 F C (L /N -b ).;.
F o r th e  second s e t  o f  c o n d i t io n s ,  we have
pp* = pp -  2FC(b-b ') + 2FC (L /N -b ')
■ pp + 2FC(L/N -b).
Thus Pp *  i s  th e  same f o r  b o th  s e t s  o f  c o n d it io n s  and shou ld  b e s t  be 
c o n s id e re d  as a  fu n c tio n  o f  FC and L/N. We have shown th e n  t h a t  a 
v a r i a t i o n  o f b i s  e q u iv a le n t  to  a change o f  p r e s s u r e .  S in ce  th e  f u l l  
d e n s i ty  range i s  n u m e ric a lly  more e a s i ly  o b ta in e d  by a  v a r i a t io n  o f
b ,  we w i l l  adopt t h a t  p ro ced u re  to  s tu d y  th e  co n vergence  o f pp* to
a 1AT 
PP
The r e s u l t s  o f  such c a lc u la t io n s  f o r  FC = 100, ^00, and
1 0 ,0 0 0 , a re  shown in  F ig u re  9 as  l in e s  a lo n g  w ith  th o se  o f  th e  l a t ­
t i c e  model f o r  com parison . The l a t t i c e  m odel cu rv e  has been d i s ­
p la c e d  upward f o r  th e  sake o f  c l a r i t y .  The p o in t s ,  in d ic a te d  by th e  
c i r c l e s ,  c a lc u la te d  by v a ry in g  pp f o r  FC = 1000 would f a l l  on th e
co rre sp o n d in g  l i n e  o b ta in e d  by v a ry in g  b i f  i t  had been  p lo t t e d .
LAT *The agreem ent betw een pp and pp ap p ea rs  to  be good ex cep t fo r  
th e  re g io n  n e a r  th e  t r a n s i t i o n .  However, th e  loop  does b eg in  to  
form as  th e  tem p e ra tu re  d e c re a s e s .  We e s t im a te  th e  " c r i t i c a l  tem­
p e r a tu r e "  to  be ab o u t FC = 500, above w hich th e  iso th e rm s  have no 
re g io n  o f  i n s t a b i l i t y .
The a sy m p to tic  convergence o f  gp* to  p p * ^  i s  e s p e c ia l ly
slow  a t  b = a  . In  T able  I I ,  we show v a r io u s  c a lc u la te d  v a lu e s  o f o
i n t u i t i v e l y  su g g e s t a  f a c to r i z a t i o n  o f  th e  p a r t i t i o n  fu n c t io n  such as
w here RS s ta n d s  f o r  a  rods and s p r in g s  m odel. The RS model i s  e s ­
s e n t i a l l y  K o p p e l's  m odel19 and i s  e q u iv a le n t  to  th e  s q u a re - s p r in g s  
model w ith o u t any r o ta t i o n a l  freedom . T hus, a( 0^ > 0^+^ ) > th e  d is ta n c e  
o f  c lo s e s t  approach  o f  a d ja c e n t m o le c u le s , i s  a  c o n s ta n t ,  namely th e  
le n g th  o f  th e  m o lecu le . A com plete d e s c r ip t io n  o f  th e  RS model can
be found in  Appendix I I IA . The t r a n s l a t i o n a l  p a r t i t i o n  fu n c tio n  i s  
_RS ROTr " ,  and Q i s  th e  r o ta t i o n a l  p a r t i t i o n  f u n c t io n .
pp* as FC was in c re a s e d  to  ex trem ely  la rg e  v a lu e s .
S t i l l  t r y in g  to  g a in  a b e t t e r  p h y s ic a l  in s ig h t  a s  to  ex­
a c t ly  w hat pp* r e p r e s e n ts ,  we su g g est th e  fo llo w in g  p ro c e d u re . Ob- 
LATs e rv in g  t h a t  pp shou ld  be th e  p re s s u re  due to  r o t a t i o n ,  we m ight
rSq"S(N, p,T)  a r RS(N,p,T)QR0Tj(N,p ,T) ,
Assuming th e  f a c to r i z a t io n  i s  m e a n in g fu l, we have
I n t u i t i v e l y  a g a in  we co u ld  su g g est t h a t
w here pRC, i s  th e  d e n s ity  de term ined We hope to
ROTshow th e n  t h a t  gp a:=s pp
RSFrom Appendix I IIA  we see  t h a t  p can  be c a lc u la te d  
ROTr a th e r  s im p ly . Thus, gp i s  m ost e a s i ly  d e te rm in e d  by c a lc u la t in g
RSPrS w ith  v e ry  sm all gp inprem ents and th e n  m atch in g  p^g w ith  pg _g
TABLE II
s l , TAT a
CONVERGENCE OF pp to  pp AT b = aQ
pp* p FC
bn




7 .169 0 ,83037 5 x 102 t o
7 .3 9 7 0 .82905 105 t o
8 .086 0.82870 5 x 105 t o
8 .573 0 .82849 10* t o
8 .936 0 .82843 5 x 10* 80
9 .113 0 .82843 10 ̂ 80
9 ,3 5 8 0 ,82843 5 x 105 80
9 ,4 1 7 0.82843
V
O0i-i 80
9 .745 0.82850 5 x 106 200
9 .8 9 4 O.82850 10* 200
a . See T able  I  f o r  l a t t i c e  model v a lu e s .
b . The ch o ice  o f  m a tr ix  s i z e  I s  dependent upon b o th  
economy and a c c u ra c y .
39
ROTas  c lo s e ly  a s  p o s s ib le .  By d e f i n i t i o n ,  gp I s  eq u a l to  th e  d i f ­
fe re n c e  betw een th e  Sq-S and RS p re s s u re s  when th e  d e n s i t i e s  a r e  e q u a l.
ROTWe need to  compare gp w ith  |3p*. From our p re v io u s  d e f i -  
ROTn i t i o n s  o f  0p* and pp , we have 
PP*,* .  |3pS1 -S +  2PC(p"1-b )
and
ROT Q Sq-S .  RS 
0P B PP H - PP »
where th e  d e n s i t i e s  a re  th e  same for. each m odel. By e l im in a tin g  
ppSq" S from  th e s e  two e q u a tio n s ,  we o b ta in
PP* -  PPR0T + PPRS + S F C i f ' - b ) .  (2 -7 )
RSS u b s t i tu t in g  th e  e x p re ss io n  f o r  (3p developed in  Appendix VB in to  
E q u a tio n  (2 -7 )  r e s u l t s  in  th e  e x p l i c i t  r e l a t io n s h ip  betw een th e  two 
" p re s s u re s " ,
|3p* .  pp801 + ________ 2(FC)*exPr-FC(l-b)2 - 6p1___________
(TT)®exp[(Pp)2 /!)FC -  (3pb]erfc[ {2FG( 1 -b ) + pp]/2(FC )® ].
I t  i s  a l s o  shown in  A ppendix VB th a t  th e  l a s t  term  in  t h i s  e q u a tio n
approaches z e ro  as FC approaches i n f i n i t y ,  w hich e n a b le s  us to  w r i te
th e  l im i t in g  e q u a t io n ,
^  - ROT 
PP FC-«» ^
T h is  te rm  in  q u e s t io n ,  how ever, i s  p r e c i s e ly  th e  p r e s s u re  
c o n t r ib u t io n  from  th e  h a rd  c o re  (d ia m e te r  one) o f  a  n o n - ro ta t in g  m ole­
c u le .  There was no such c o n t r ib u t io n  to  th e  p re s s u re  in  th e  l a t t i c e
ROTm odel, w hich s u g g e s ts  t h a t  {3p shou ld  converge more r a p id ly  th a n
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Tim
pp* to  Pp . F u rth e rm o re , s in c e  th e  c o n t r ib u t io n  o f  th e  h ard  co re
te rm  sh o u ld  be more im p o rta n t a t  h ig h  d e n s i t i e s ,  we shou ld  ex p ec t
b e t t e r  agreem ent betw een pp* and Pp^*" in  th e  low d e n s i ty  re g io n .
* ROTIn  T ab le s  I I I ,  IV, and V, pp and pp a r e  compared a t  FC
LATv a lu e s  o f  10, 5 0 , and 100, r e s p e c t iv e ly .  The v a lu e s  o f  pp c o r ­
re sp o n d in g  to  th e  in d ic a te d  d e n s i t i e s  a r e  a l s o  t a b u la te d ,  hav in g
been o b ta in e d  by g ra p h ic a l  i n t e r p o l a t i o n .  The t a b le s  in d ic a te  th a t
ROT 1ATPp i s  indeed  a  b e t t e r  ap p ro x im a tio n  to  pp th a n  i s  pp . We
» ROT
a ls o  s e e  t h a t  Pp does approach  pp more r a p id ly  a t  low er d e n s i t i e s .
ROTThe u s e fu ln e s s  o f  pp i s  somewhat masked by th e  f a c t  t h a t
pp* has e s s e n t i a l l y  converged  to  p p ^ ^  b e fo re  th e  approx im ate
" c r i t i c a l  te m p e ra tu re "  o f  FC = $00 i s  re a c h e d . S in ce  pp* i s  a lso
ROTmore e a s i ly  computed th a n  pp , m ost c o r r e l a t i o n s  have been based  on 
Pp . However, th e  f a c t  t h a t  pp i s  in  b e t t e r  agreem ent w ith  pp 
th an  i s  Pp*, e s p e c ia l ly  a t  th e  low er v a lu e s  o f  FC, does s tre n g th e n  
ou r i n t e r p r e t a t i o n  o f  th e  s ig n i f ic a n c e  o f  th e  p r e s s u re  c a lc u la te d  by 
th e  l a t t i c e  model te c h n iq u e ;  nam ely , t h i s  p r e s s u re  shou ld  be reg a rd ed  
as  th e  p re s s u re  in crem en t due to  m o lec u la r  r o t a t i o n s .
The im p lied  s in g u la r  b e h a v io r  o f  th e  s q u a re - s p r in g s  model 
as  FC-» i s  o f  i n t e r e s t  in  co n n e c tio n  w ith  th e  g e n e ra l  th e o ry  o f  phase 
t r a n s i t i o n s .  U n lik e  th e  k e r n e l  c o n s id e re d  in  co n n e c tio n  w ith  th e  l a t ­
t i c e  m odel, th e  p r e s e n t  k e r n e l  i s  a n a ly t i c  in  i t s  dependence on th e  
c o n f ig u ra t io n  v a r ia b le s  0 and cp as w e ll  as  on th e  thermodynamic p a ra ­
m e te rs  pp and FC. I t  th e r e f o r e  f a l l s  in to  th e  c a te g o ry  o f  a n a ly t i c ,  
s t r i c t l y  p o s i t i v e ,  k e r n e ls  such  as  c o n s id e re d  by Kac. 22 As w ith  m ost 
o n e-d im e n sio n a l a s s e m b lie s , th e n ,  th e  g e n e ra l iz e d  m odel now under
TABLE I I I
HOT * TAf
COMPARISON OF pP , pP , AND pP 
_______________ FC = 10________________
ppR0T pp*a IATbPP P
1 .8  ' 2 .2 0 . 2 .709
2.5 3-2 0.9 .736
3-3 4*3 1 .6 .760
4.1 5.6 2 .4 .785
5.0 6.9 3-9 .805
5.8 8.3 8 .5 .825




7-3 U -3 7.8 .857
8 .0 12.9 8 .3 CD 13
8 .8 14.6 8 .9 .884
9-5 16.5 9.6 .895
10.5 18.1 10 .4 .904
11.0 19-9 11 .2 .912
11.8 21 .8 12 .2 .919
12.5 2 5 .6 13.2 .925
a . Computed w ith  m a tr ix  s iz e  n = 40.
b . Computed w ith  m a tr ix  s i z e  n = 200.
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TABLE IV
COMPARISON OF pPR0T, pp*, AND pPU T 
_______________ FC = 50________________
ppROTa
pP*a 0PMT p
0 .3 0 .3 0 .0 .674
0 .9 0 .9 0 .2 .710
1 .5 1-5 0 .7 .727
2 .2 2 .2 1 .1 .745
2 .6 2 .6 1 .4 .745
3 .1 3-1 1 .6 .763
4 .1 4 .2 2 .3 .780
5-1 5 .3 3 .4 .798
6 .2 6 .5 5 .6 .816
7 .2 7 .8 7 .8 .834
8 .1 9 .3 7 .7 .853
9-1 11.0 8-3 .870
10.1 12.9 9 .0 .885
11.1 15 .2 10.0 .899
12.5 17 .7 11.1 .911
13.5 2 0 .5 12.5 .921
a . n = 43.
b . n = 200.
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TABLE V
COMPARISON OF 0PROT, 0P*, AND pP1̂  
______________ FC = 100________________
SPR0T* pP*a BPM b P
0 .8 0 .8 0 .5 .717
1 .0 1.0 0 .7 .727
1 .4 1 .4 0 .9 .737
1 .8 1 .8 1 .2 .747
2-3 2 .3 1 .4 .757
2 .8 2 .8 1 .8 .767
3-5 3 .5 2 .1 .777
4 .1 4 .2 2 .6 • 787
4 .9 4 .9 3 .3 .797
5 .6 5 .6 4 .4 .808
6 .3 6 .3 6 .4 .819
7 .0 7 .1 8 .2 .830
7 .6 7 .8 7 .5 .842
8 .2 8 .5 7 .7 .853
8 .9 9 .4 8 .0 .8 6 4
9 .6 10.5 8 .5 .875
1 0 .4 1 1 .7 9 .1 .886
11 .2 I 3 .2 9 -7 .896
12 .2 14 .9 10 .5 .905
13 .2 I 6 .9 11 .5 .9 1 4
a . n = 4 ) .
b . n = 200 .
c o n s id e ra t io n  sh o u ld  n o t e x h ib i t  any s i n g u l a r i t i e s  o r  phase  s e p a ra ­
t i o n s  a t  any f i n i t e  v a lu e s  o f  th e  thermodynamic p a ra m e te rs .  Anoma­
lo u s  b e h a v io r  i s  n o t p re c lu d e d , how ever, as  th e  p a ra m e te rs  become 
i n f i n i t e l y  la r g e  (p -* •  o r  T -* 0 ) .
The d is c u s s io n  so f a r  has been  l im i te d  l a r g e ly  to  th e  
m ech an ica l p r o p e r t ie s  o f  th e  system . We would a l s o  l i k e  to  i n v e s t i ­
g a te  some o f  th e  th erm al p r o p e r t ie s  such  as e n e rg y , e n tro p y , and h e a t  
c a p a c i ty .  To do t h i s ,  we w i l l  have to  d ev e lo p  some a d d i t io n a l  therm o­
dynamic e q u a tio n s .
As s t a t e d  e a r l i e r ,  E quation  (2 - 5 ) ,  th e  G ibbs f r e e  energy
i s  r e l a t e d  to  th e  dom inant e ig en v a lu e  o f  th e  a p p r o p r ia te  k e rn e l  by
G = -NkTKtaX;
t h i s  r e l a t i o n s h i p ,  to g e th e r  w ith  th e  g e n e ra l  therm odynam ic e q u a tio n s  
E = G + TS -  pL
and
dG = -SdT + Ldp + |jdN,
s u f f i c e  to  d e te rm in e  a l l  o th e r  thermodynamic p r o p e r t i e s .  We can
th u s  e x p re ss  th e  energy  as
E = -NkTM + TS - pL, (2 -8 )
th e  en tro p y  as
s -  ■-(aG/aOPfM,
and th e  le n g th  as
L o (3G /Sp)T>N.
The e x p re s s io n  f o r  energy now becomes
E « -N k lM  + NkTM + NkT2 (a07fc/9T)p N + pNkT(d0^/Bp)T N,
o r
E/NkT = T (a0^/S T )p>N + p C a ^ /B p )T>N.
For co n v en ien ce , we w i l l  w r i te  th e s e  p a r t i a l  d e r iv a t iv e s  in  
term s o f  o u r c a n o n ic a l v a r ia b le s  f3p and FC in s te a d  o f  p and T. U sing 
th e  c h a in  r u le  f o r  d i f f e r e n t i a t i o n ,  we have
E/NkT -  T [(a0^/B FC )pp (-FC /T) +  ( ^ / d P p ) FC( -p p /T ) ]
+ p[a0^/B0p)FC(p)]
-  -F C (3 ^ /9 F C )q . (2 -9 )
PP
Now th a t  we have an e x p re s s io n  f o r  e n e rg y , we can  e a s i l y  c a lc u la t e  
th e  en tro p y  from  E qua tion  (2 -8 )  as
S/Nk = E/NkT + pL/NkT + M ,  (2 -1 0 )
w here L/N = p ^ i s  g iven  by E qu a tio n  (2 -5 )*
We can  choose two ro u te s  f o r  d ev e lo p in g  an e x p re ss io n  f o r  
th e  h e a t  c a p a c i ty ,  one by way o f  th e  e n tro p y  and one by way o f  th e  
e n th a lp y . We choose to  ta k e  th e  l a t t e r  p a th ,  r e tu r n in g  to  th e  en tro p y  
r o u te  l a t e r  as  a  check on th e  c a lc u la te d  h e a t  c a p a c i t i e s .
S in ce  e n th a lp y  i s
H = E +  pL,
by means o f  E q u a tio n s  (2-5) and (2 -9 )  we can  im m ed iate ly  w r i te  
H/NkT = -FC (a0^/SFC )pp -  0p(9M /& pp)FC.
D iv id in g  th ro u g h  by FC, we o b ta in
h = -(a&fc/aFc)pp - (pp/Fc)(a^/apP)FC,
w here H = 2H/Nf. To c a lc u la t e  th e  c o n s ta n t  p r e s s u re  h e a t  c a p a c i ty ,  
we ta k e  th e  p a r t i a l  d e r iv a t iv e  o f  H w ith  r e s p e c t  to  T a t  c o n s ta n t  
p re s s u re  and c o n v e r t to  c a n o n ic a l v a r i a b l e s ,  a r r i v in g  a t
2C /N£ « (SH/BT)
P P
= (afi/SFc)pp(dFc/dT) + (aH/Bpp)FC(app/aT)p 
-  -(FC/T)(dH/3FC)pp - (0p/T)(aS/aep)FC, 
which can  be re a rra n g e d  to  y ie ld
Cp /Nk = -(F C )2 (dH/3FC)pp -  (FC) ^ p )  ( B H ^ p ) ^ .  (2 -1 1 )
P erfo rm ing  th e  a p p ro p r ia te  d e r iv a t iv e s ,  we o b ta in
C /Nk = (FC)2 [d 2M /B (F C )2 ] Q + 2 (F C )(pp)[B 2M /app3F C ]
P PP
+ (pp)2[a2M/a(pP)2]FC.
T his l a s t  e x p re s s io n  f o r  Cp/Nk i s  n o t e a s i ly  e v a lu a te d  
becau se  o f  th e  second d e r iv a t iv e s  o f  th e  e ig e n v a lu e . In  term s o f  
b r a - k e t  n o ta t io n ,  th e  e ig e n v a lu e  X and i t s  f i r s t  d e r iv a t iv e  a re
X  *  ( u  |K |u )
and
\ '  -  < u | k ' | u > ,
r e s p e c t iv e ly .  The second d e r iv a t iv e  c o n ta in s  term s such as 
(u ' J k ^ u ) w hich do n o t v a n ish  and a re  n o t c a n c e lle d  by o th e r  te rm s . 
To e v a lu a te  th e s e  te rm s r e q u ir e s  a  know ledge o f th e  im p l ic i t
kQ
dependence o f  th e  e ig e n fu n c tio n  on th e  v a r ia b le s  FC and pp. We c an , 
how ever, perfo rm  th e  d e r iv a t iv e s  o f  E quation  (2 -1 1 )  n u m e ric a lly  and 
e v a lu a te  th e  h e a t  c a p a c ity  by add ing  th e  two r e s u l t s  to g e th e r .
We have c a lc u la te d  e n e rg ie s  f o r  th e  t h r e e  m o d e ls , Sq-S ,
RS, and one which c o n s is t s  on ly  o f  s p r in g s .  The l a t t e r  model t r e a t s  
m o lecu les  as mass p o in ts  and so has no h a rd  c o re .  We w i l l  r e f e r  to  
t h i s  model as SP ( s e e  Appendix I IIB  fo r  a  f u r th e r  d e s c r ip t i o n ) .  I t  
sh o u ld  be remembered th a t  we a r e  d is c u s s in g  on ly  th e  c o n f ig u r a t io n a l  
c o n tr ib u t io n s  to  th e  en e rg y ; th e  momenta would c o n t r ib u te  an  a d d i­
t i o n a l  NkT/2 (from  th e  e q u ip a r t i t io n  theorem ) f o r  th e  RS and SP 
m odels and NkT f o r  th e  Sq-S m odel.
U sing E q u a tio n  (2 -9 )  and th e  a p p ro p r ia te  e x p re s s io n  fo r  
th e  energy  e q u a tio n s  f o r  th e  th re e  m odels a re
(E/NkT)Sq_g = £  + (p p )2 AFC + (lA T O j’J 'u te H -p p A F C  + 0  -  b ]
2
e x p [ -F C (o - b )  -  (3pcr]u(cp)d0dcp,
(E/NkT)RS = £ +  (g p )2AFC + (l/2 K p S) ( l  -  b -  0p/2FC)
e x p [ -F C (l-b )2 -  gp],
and
(E/NkT)sp = £  +  (Pp ) 2 AFC.
The r e s u l t s  o f  th e  energy  c a lc u la t io n s  a r e  shown in  F ig u re s  
10 and 11, p lo t t e d  a g a in s t  d e n s i ty .  There a re  th r e e  s e t s  o f  cu rv es  
on each  g rap h . On th e  f i r s t  g rap h , each s e t  o f  c u rv e s  c o n s is t s  o f  
one cu rv e  f o r  each  model a t  a p a r t i c u l a r  v a lu e  o f  b . On th e  second 
g rap h , each s e t  c o n s is t s  o f  a cu rve fo r  each m odel a t  a  p a r t i c u l a r  
v a lu e  o f  FC.
F ig u re  10. Energy as a  fu n c t io n  o f d e n s i ty  fo r  th e  S q-S , RS, and SP 
m odels a t  c o n s ta n t  FC = 1 .0 .  Each s e t  o f  th r e e  cu rv es  
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Figure 11 Energy as a  f u n c t io n  o f d e n s ity  fo r  th e  Sq-S , RS, 
m odels a t  c o n s ta n t  b = 1 . 2071 .  Each s e t  o f  th r e e  
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We n o t ic e  th e  fo llo w in g  t re n d  f o r  a l l  th e  g raphs a t  a 
common d e n s i ty :
ESP > ERS > ESq-S*
T h is  tre n d  can be r e a d i ly  e x p la in e d . The energy  i s  a c tu a l ly  an 
av e ra g e  p o te n t i a l  en e rg y . We a r e  u s in g  a  H ooke's Law p o t e n t i a l ,  so 
th e  av e ra g e  p o te n t i a l  energy can  be w r i t t e n  as
2( p o te n t i a l  en e rg y ) «  < (§-b) ) ,
2w here (------ ) in d ic a te s  an av e rag e  p ro p e r ty .  T hus, ( (§ -b )  ) i s  th e
av e rag e  o f  th e  sq u are  o f  th e  d is ta n c e  betw een n e ig h b o rin g  m o lec u le s . 
The t re n d  in  e n e rg ie s  g iv en  above th e n  im p lie s
< ( i - b ) 2 >sp  >  < (? -b )2 >RS >  « i - b ) 2 >sq . s
even though th e  d e n s i t i e s ,  ( | - b ) ,  a r e  e q u a l.  These t re n d s  a re  in  
th e  r e v e r s e  o rd e r  o f  th e  hard  c o re  e f f e c t s  o f  th e  d i f f e r e n t  m odels. 
The h ard  c o re  e f f e c t s  a re  g r e a te s t  in  th e  Sq-S m odel, l e s s  in  th e  RS 
m odel, and n o n e x is te n t  in  th e  SP m odel. T hus, we can co n clu d e  th a t  
a s  th e  h a rd  c o re  e f f e c t s  a re  in c r e a s e d ,  th e  d e n s i ty  f lu c tu a t io n s  de­
c re a s e  and r e s u l t  in  th e  energy  tre n d s  shown in  th e  g rap h s .
The d i f f e r e n c e  in  th e  e n e rg ie s  o f  th e  Sq-S and RS models 
i s  a  r e s u l t  o f  th e  reduced  d e n s i ty  f lu c tu a t io n s  in  th e  Sq-S m odel, 
w hich has  an e f f e c t iv e  h a rd  c o re  d ia m e te r  g r e a te r  th an  one because  
o f  th e  r o ta t i o n s  p r e s e n t .  As in  th e  p r e s s u re  s tu d i e s ,  th e  d i f f e r e n c e  
betw een th e s e  two m odels b e s t  p o in ts  up th e  therm odynam ic s i g n i f i ­
cance o f  th e  m o lec u la r  r o t a t i o n s .  In  t h i s  in s ta n c e ,  we see  th a t  
p ro v id in g  a  mechanism fo r  an in c re a s e  in  th e  e f f e c t i v e  ran g e  o f  th e
r e p u ls iv e  p a r t  o f  th e  in te rm o le c u la r  p o te n t i a l  a c tu a l ly  r e s u l t s  in  a  
s t a t i s t i c a l  lo w erin g  o f  th e  c o l l e c t i v e  p o t e n t i a l  energy  o f  a l l  th e  
m o le c u le s .
A lthough th e  analogy canno t be pushed to o  f a r ,  th e  p re s e n t  
r e s u l t s  do c a l l  to  mind th e  f i r s t  o rd e r  c o n d en sa tio n  o f  a  f l u i d  o f  
h a rd  sp h e re s  to  a  more dense s o l id  s t a t e .  T h is  c o n d e n sa tio n  may be 
v i s u a l iz e d  as  r e s u l t i n g  from a  s t a t i s t i c a l  a t t r a c t i o n  betw een nearby  
h ard  m o le c u le s .
The c o n f ig u ra t io n a l  h e a t  c a p a c i t i e s  have been o b ta in e d  
from  E q u a tio n  (2 -1 1 ) by a n u m erica l d i f f e r e n t i a t i o n  u s in g  th e  method 
o f  f i n i t e  d i f f e r e n c e s 23 fo r  th e  f r e e  t r a n s l a t o r  and s q u a re -s p r in g s  
m odels.
The f r e e  t r a n s l a t o r  h e a t c a p a c ity  i s  shown in  F ig u re  12.
The c o n f ig u ra t io n a l  p a r t  o f  th e  energy  i s  i d e n t i c a l l y  z e ro ,  and so 
th e  e n th a lp y  i s  s im ply  th e  pL term  which h as  th e  id e a l  v a lu e  NkT a t  
low d e n s i t i e s .  T hus, th e  h e a t  c a p a c ity  i s  v e ry  n e a r ly  one a t  low 
d e n s i ty .  I t  in c r e a s e s  as th e  d e n s ity  in c r e a s e s ,  goes th ro u g h  a 
s l i g h t  maximum a t  a d e n s i ty  o f ap p ro x im a te ly  O .8 9 , and th e n  app roaches 
two a t  h ig h e r  d e n s i t i e s .  The maximum was in v e s t ig a te d  to  re -ex am in e  
th e  p o s s i b i l i t y  o f  a  phase  t r a n s i t i o n  m issed  in  th e  s tu d y  o f  th e  
m ech an ica l p r o p e r t i e s .  There ap p ears  to  be no d i s c o n t in u i ty  in  
e i t h e r  th e  h e a t  c a p a c i ty  o r  i t s  d e r iv a t iv e  w ith  r e s p e c t  to  l/ |3 p .
The h e ig h t  o f  th e  maximum rem ains r e l a t i v e l y  c o n s ta n t  a s  th e  m a tr ix  
ap p ro x im atio n  i s  improved by in c re a s in g  n , th e  s iz e  o f  th e  m a tr ix .
The s l i g h t  maximum i s  presum ably a  v e s t ig e  o f  th e  t r a n s i t i o n  p re s e n t  
in  th e  l a t t i c e  m odel.
F ig u re  12. C o n stan t p re s s u re  h e a t c a p a c ity  o f  th e  f r e e  t r a n s l a t o r .
The b ran ch es  a t  h ig h  d e n s ity  a re  shown to  i l l u s t r a t e  th e  
convergence w ith  in c r e a s in g  m a tr ix  s i z e .  From to p  to  
b o tto m , th e  m a tr ix  s iz e  n i s  t o ,  120, and 200. The a c tu a l  
c a lc u la te d  v a lu e s  a re  shown as a m a g n if ic a tio n  to  th e  










The h e a t  c a p a c i t i e s  f o r  th e  s q u a re -sp r in g s  model a r e  shown 
In  F ig u re s  13 and 14 f o r  b v a lu e s  o f  1 .1  and I . 3 , r e s p e c t iv e ly .  Each 
c u rv e  i s  a t  c o n s ta n t  |3p w ith  FC v a ry in g .
In  F ig u re  13 we n o t ic e  t h a t  th e r e  i s  a  hump in  th e  h e a t  
c a p a c i ty  in  th e  same re g io n  as t h a t  o f  th e  f r e e  t r a n s l a t o r  f o r  th e  
s m a lle r  v a lu e s  o f  |3p. However, a s  gp in c r e a s e s ,  th e  sm all maximum 
i s  no lo n g e r  o b se rv ed . The d isa p p e a ra n c e  can be ex p la in e d  by an 
i n t u i t i v e  o b s e rv a tio n  t h a t  th e  h e a t  c a p a c ity  o f  th e  s q u a re - s p r in g s  
model m ust approach  th a t  o f  th e  f r e e  t r a n s l a t o r  a t  th e  same $p a s  FC 
ap p ro ach es  ze ro  (h ig h  te m p e ra tu re ) .  The l im i t in g  v a lu e s  f o r  s e le c te d  
c o n s ta n t  $p l in e s  a r e  shown as  f i l l e d  t r i a n g l e s .  As |3p changes from 
sm a ll p o s i t i v e  v a lu e s  to  l a r g e r  v a lu e s ,  th e  l im i t in g  v a lu e  o f  th e  
h e a t  c a p a c i ty  in c r e a s e s .  Thus, th e  h e a t  c a p a c ity  c o rre sp o n d in g  to  
h ig h e r  |3p v a lu e s  in c r e a s e s  sh a rp ly  w ith  a  d e c re a se  in  d e n s i ty ,  and 
we f a i l  to  o b serv e  th e  sm all maximum.
We n o t ic e  a  d i f f e r e n t  b e h a v io r  o f th e  graphs c o rre sp o n d in g  
to  z e ro  and n e g a tiv e  p r e s s u re s .  They, to o ,  show th e  maximum b u t have 
a  d i f f e r e n t  l im i t in g  v a lu e  as FC d e c re a s e s .  The f r e e  t r a n s l a t o r  
m odel has  no c o rre sp o n d in g  z e ro  o r  n e g a tiv e  p re s s u re .  F or th e s e  p r e s ­
s u re s  th e  l im i t in g  v a lu e  o f  th e  h e a t  c a p a c ity  should  approach  t h a t  o f  
th e  s p r in g s  model (Appendix I I I B ) .  The h e a t c a p a c ity  o f  th e  s p r in g s  
m odel i s  t r i v i a l l y  o n e -h a lf  a t  any p r e s s u re .  The graphs in d ic a te  
t h i s  i s  th e  p ro p e r  l i m i t .
In  F ig u re  14 we have changed th e  v a lu e  o f  b . We n o t ic e  
t h a t  we have no maximum as  b e fo re .  T h is  i s  e a s i ly  u n d ers to o d  by ob­
s e rv in g  th a t  th e  d e n s i ty  i s  n o t in  th e  r ig h t  neighborhood (ap p ro x im a te ly
F ig u re  13 . C o n s tan t p r e s s u re  h e a t  c a p a c i ty  f o r  th e  Sq-S model as a  
f u n c t io n  o f  d e n s i ty  f o r  b = 1 .1 .  Each l i n e  r e p re s e n ts  
c o n s ta n t  gp and v a ry in g  FC. For some v a lu e s  o f  pp th e  
c a lc u la te d  v a lu e s  a re  g iv en  as  c i r c l e s  to  in d ic a te  th e  
u n c e r ta in ty  in h e re n t  in  th e  c a lc u la t io n .  The f i l l e d  
t r i a n g l e s  i n d ic a te  th e  l im i t in g  v a lu e  (FC -* 0]j f o r  th e  
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F ig u re  14. C o n s tan t p r e s s u re  h e a t  c a p a c i ty  f o r  th e  Sq-S model as  a  
fu n c t io n  o f  d e n s ity  fo r  b = 1 .3 .  Each l i n e  r e p re s e n ts  
c o n s ta n t  |3p and v a ry in g  FC. F or some v a lu e s  o f  gp th e  
c a lc u la te d  v a lu e s  a re  g iv en  as c i r c l e s  to  in d ic a te  th e  
u n c e r ta in ty  in h e re n t  in  th e  c a lc u la t io n .  The f i l l e d  
t r i a n g l e s  in d ic a te  th e  l im i t in g  v a lu e  (FC -• 0 )  f o r  th e  
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O .8 5 ) to  o b ta in  th e  maximum. We o b se rv e  th e  same l im i t in g  c o n d it io n s  
as in  th e  p re v io u s  g raph .
At t h i s  p o in t  i t  m igh t be in fo rm a tiv e  to  p o in t  o u t a  pos­
s ib l e  a p p l ic a t io n  o f  f i r s t - o r d e r  p e r tu r b a t io n  th e o ry  to  th e  b a s ic  
in t e g r a l  e q u a tio n  problem .
A ll  o f  ou r c a lc u la t io n s  depend upon th e  d e r iv a t iv e s  o f  th e  
e ig e n v a lu e . S ince  we can n o t w r i te  down an a n a ly t ic  e x p re s s io n  fo r  
X o r  i t s  e ig e n fu n c t io n , we have r e s o r te d  to  n u m eric a l m ethods. F i r s t  
o rd e r  thermodynamic p r o p e r t i e s  can  be s a t i s f a c t o r i l y  o b ta in e d  by th e  
i t e r a t i v e  m a tr ix  te c h n iq u e . However, th e  second o rd e r  p r o p e r t i e s ,  
such as  h e a t c a p a c i ty ,  a r e  much l e s s  a c c e s s ib le  b ecau se  th ey  r e q u ir e  
a d e r iv a t iv e  o f  th e  e ig e n fu n c t io n .
In  c e r t a in  l im i t in g  c a se s  in v o lv in g  sm all v a lu e s  o f  gp and 
FC, we shou ld  c e r t a in ly  be a b le  to  w r i te  down a f i r s t - o r d e r  c o r re c ­
t io n  to  th e  z e ro -o rd e r  e ig e n v a lu e  s in c e  we would be r e q u ire d  to  know 
o n ly  th e  z e ro -o rd e r  e ig e n fu n c t io n .  H ere we a re  u s in g  th e  term  " o rd e r"  
in  th e  p e r tu rb a t io n  th e o ry  s e n s e ;  t h u s ,  i f  th e  z e ro -o rd e r  s t a t e  i s  
gp *= FC = 0 , th e  z e ro -o rd e r  e ig e n fu n c t io n  i s  sim ply  a  c o n s ta n t .
R e tu rn in g  to  th e  d is c u s s io n  o f  th e  th e rm a l p r o p e r t i e s ,  we 
have computed e n tro p ie s  f o r  th e  f r e e  t r a n s l a t o r  and s q u a re -s p r in g s  
m odels by use  o f E q u a tio n  (2 -1 0 ) .  R e s u lts  o f  th e s e  com pu ta tions 
a re  shown p lo t te d  a g a in s t  d e n s i ty  in  F ig u re  15 . Each cu rv e  was ob­
ta in e d  by v a ry in g  gp o v er ap p ro x im a te ly  th e  same ra n g e , showing th e  
reduced  d e n s ity  ran g e  f o r  h ig h e r  FC. We o b se rv e  th e  norm al en tro p y  
r e l a t io n s h ip  t h a t  as  te m p e ra tu re  in c r e a s e s  (FC d e c r e a s e s ) ,  th e  en­
tro p y  in c re a s e s  u n t i l  in  th e  l i m i t  o f  i n f i n i t e  te m p e ra tu re  i t  reac h e s  
th e  f r e e  t r a n s l a t o r  v a lu e .
F ig u re  15* E ntropy  o f Sq-S and f r e e  t r a n s l a t o r  m odels. C ir c le s  a re  
shown f o r  th e  Sq-S model a t  th e  in d ic a te d  v a lu e  o f  FC. 
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As we m entioned e a r l i e r ,  e n tro p y  can  be u sed  to  c a lc u la te  
h e a t  c a p a c i t i e s  j u s t  th e  same a s  e n th a lp y . An e q u iv a le n t  therm o­
dynamic e x p re ss io n  fo r  h e a t  c a p a c i ty  i s
Cp = T(BS/dT)p .
I f  we change v a r ia b le s  to  pp and FC, we o b ta in  
Cp = -FC(BS/9FC)pp - P p (as /d p p )FC, 
o r  e q u iv a le n t ly
C /Nk = [S(S/N k)/a07<l/FC )] -  [ d ( S /N k ) / a ( ^ p ) ]  . (2 -12)
P PP
For th e  f r e e  t r a n s l a t o r ,  o n ly  th e  second te rm  e x i s t s .  I f  
we w ere to  make a p lo t  o f  th e  e n tro p y  v e rsu s  th e  s lo p e  would be
eq u a l to  th e  h e a t c a p a c i ty .  Such a p lo t  i s  shown in  F ig u re  16 where 
we have used  l/|3p ) in s te a d  o f  tfrnlfjp w hich changes th e  s ig n  o f  th e  
s lo p e . F or la rg e  Pp we o b ta in  a  s t r a i g h t  l i n e  w ith  s lo p e  eq u a l to
1.989 w ith  a  s ta n d a rd  d e v ia t io n  o f  O.OO3 . We co n c lu d e  from  th i s  
t h a t  th e  h e a t  c a p a c ity  in  th e  l im i t  o f  h ig h  d e n s i ty  i s  two (compare 
F ig u re  1 2 ).
For th e  Sq-S m odel, two p lo t s  m ust be made, one fo r  each 
d e r iv a t iv e  in  E quation  (2 -1 2 ) ,  f o r  each  h e a t  c a p a c i ty  v a lu e  in  
q u e s tio n . A sam ple g raph i s  g iv en  in  F ig u re  17» w here th e  upper 
p o r t io n  i s  f o r  c o n s ta n t FC and th e  low er p o r t io n  f o r  c o n s ta n t  pp.
Two tre n d s  shou ld  be o b serv ed  from th e s e  g ra p h s:
(1 ) At c o n s ta n t FC, th e  s lo p e  o f  th e  c u rv e  in c r e a s e s  as  pp in ­
c r e a s e s ,  and
F ig u re  16. E ntropy as a  f u n c t io n  o f  -0n|3p f o r  th e  f r e e  t r a n s l a t o r .  
The s lo p e  i s  e q u a l to  th e  h e a t  c a p a c i ty  a t  c o n s ta n t  
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F ig u re  17. E ntropy  as a  fu n c tio n  o f  BnfZp and -BriEC f o r  th e  Sq^S
m odel. The c o n s ta n t  p r e s s u re  h e a t  c a p a c i ty  i s  o b ta in e d  
















(2 ) a t  c o n s ta n t  pp, th e  s lo p e  d e c re a se s  as FC d e c r e a s e s .  Both 
o f  th e s e  tre n d s  I n d ic a te  t h a t  th e  d e r iv a t iv e  w ith  r e s p e c t  to  Ifafjp in  
E q u a tio n  (2 -1 2 ) becomes th e  dom inant term  o f th e  h e a t  c a p a c i ty  fo r  
b o th  l i m i t s , p**» and FC-*0. Trend (2 ) in d ic a te s  what we have i n t u i ­
t i v e l y  observed  b e f o re ,  t h a t  th e  h e a t  c a p a c ity  must ap p ro ach  th e  
f r e e  t r a n s l a t o r  v a lu e  in  th e  l im i t  o f  i n f i n i t e  te m p e ra tu re .
The d isa p p e a ra n c e  o f  th e  hump in  F ig u re  13 a s  pp i s  in ­
c re a se d  can be e x p la in e d  in  th e  fo llo w in g  way. At sm a ll pp, th e  
l im i t in g  v a lu e  o f  th e  h e a t  c a p a c ity  as FC-*0 o ccu rs  a t  low d e n s i ty .
As Pp i s  in c r e a s e d ,  th e  l im i t in g  v a lu e  in c re a s e s  and a ls o  o c c u rs  
a t  h ig h e r  d e n s i ty .  When t h i s  d e n s ity  p a sse s  th rough  th e  d e n s i ty  
re g io n  in  w hich th e  hump o c c u r s ,  th e  l im i t in g  p ro c e ss  c o m p le te ly  
o b sc u re s  th e  maximum.
In  go ing  from  th e  l a t t i c e  model to  th e  g e n e ra l iz e d  m odel,
we in tro d u c e d  te m p e ra tu re  as  a  r e a l  thermodynamic v a r i a b l e . .  As we
have seen  e a r l i e r ,  o u r  v a r i a b le  FC had to  be tak en  to  (e x tre m e ly )
h ig h  v a lu e s  to  a c h ie v e  r e l a t i v e l y  good agreem ent betw een |3p and 
LATpp , th e  convergence b e in g  much b e t t e r  away from th e  t r a n s i t i o n  
re g io n . We have a l s o  j u s t  seen  th a t  th e  Sq-S model ap p ro ach es  th e  
f r e e  t r a n s l a t o r  as  FC-*Q. The convergence i s  ag a in  slow  as we have 
to  u se  v e ry  sm all v a lu e s  o f  FC in  o rd e r  to  o b ta in  s a t i s f a c t o r y  
ag reem en t.
DISCUSSION
I t  I s  d i f f i c u l t  to  escap e  th e  com parison o f  th e  l a t t i c e  
model w ith  c e l l  m odels o f  l i q u i d s . 13 In  such  m odels, th e  assum ption  
th a t  c e l l  c e n te r s  form  a r e g u la r  l a t t i c e  s t r u c tu r e  i s  commonly made.
When c o n s id e r in g  th e  m otion  o f  a  c e n t r a l  m o le cu le , an a d d i t io n a l  ap­
p ro x im a tio n  w hich r e s t r i c t s  th e  cage o f  n e ig h b o rin g  m olecu les  to  
t h e i r  c e l l  c e n te r s  i s  made in  th e  more e lem en ta ry  m odels. T h is  r e ­
s t r i c t i o n  of. m o tion  n e g le c ts  th e  c o r r e l a t io n s  betw een n e ig h b o rin g  
m o le c u le s . However, i t  i s  p r e c i s e ly  th e s e  c o r r e l a t io n s  which a re  o f 
th e  u tm ost im p o rtan ce  in  o u r m odel.
C e ll  m odels in  g e n e ra l have been  shown to  be more d e s c r ip ­
t i v e  o f  th e  s o l id  s t a t e  r a t h e r  th a n  th e  l iq u id  s t a t e .  More l i k e ly  
th a n  n o t ,  t h i s  i s  th e  c a se  w ith  th e  l a t t i c e  m odel. The two phases in  
e q u il ib r iu m  w ith  each  o th e r  co u ld  be looked upon as two d i s t i n c t  
s o l id  s t a t e  p h a s e s . As a  m a t te r  o f  f a c t ,  th e  l a t t i c e  model was 
indeed  c o n c e iv e d , a t  l e a s t  i n i t i a l l y ,  as a  v e ry  s im p le  d e s c r ip t io n  
o f  a  s o l id  s t a t e  p h ase  known as th e  r o t a t o r  p h a s e .24 At some tem pera­
tu r e  below  th e  m e lt in g  p o in t ,  some su b s ta n c e s  e x h ib i t  a  f i r s t  o rd e r  
phase t r a n s i t i o n  w hich c o rre sp o n d s  to  th e  o n se t o f  h in d e re d  m o lec u la r  
r o t a t i o n s .  M ethane, m ethy l a lc o h o l ,  and cyclohexane  a r e  exam ples.
T hus, we m igh t p o s tu la t e  t h a t  th e  h ig h  d e n s i ty  phase  co rresp o n d s  to  
a  s t r i c t  s o l i d  p hase  and th e  low d e n s i ty  phase  to  a  r o ta t i n g  s o l id  
p hase .
A t th e  end o f  th e  l a t t i c e  model s e c t io n ,  we commented th a t  
LATth e  p re s s u re  |3p was d i f f e r e n t  from  o rd in a ry  l a t t i c e - g a s  c a l c u l a t i o n s .
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In  th e  g e n e ra l iz e d  model s e c t io n  we t r i e d  to  de term ine th e  n a tu re  o f
IATt h i s  p r e s s u re .  We have shown th a t  {3p i s  a c tu a l ly  b e t t e r  d e f in e d  
a s  a p r e s s u re  in c rem en t due to  r o t a t i o n .
We m ight th in k  o f  th e  p re s s u re  a s  be in g  made up o f  two p a r t s ,  
one o f  a  r o t a t i o n a l  n a tu r e  hav in g  i t s  o r ig in  in  th e  n o n -s p h e r ic a l  
p a r t  o f  th e  m o le c u le s , and one o f  a  t r a n s l a t i o n a l  n a tu re  a r i s in g  
from  th e  s p h e r ic a l  p a r t  o f  th e  m o le cu le s . The n a tu r a l  q u e s tio n  to  
ask  i s  w hat a re  th e  r e l a t i v e  c o n tr ib u t io n s  o f  each  ty p e .
One f a i r l y  s a f e  c o n c lu s io n  can be made. S ince th e  r o t a ­
t io n s  a re  dependen t upon th e  asymmetry o f th e  m o lecu le s , we can  say  
th a t  th e  more asym m etric m o lecu les  w i l l ,  i n  g e n e ra l ,  have a l a r g e r  
r o t a t i o n a l  c o n t r ib u t io n  to  th e  p r e s s u re .  The models we have con­
s id e r e d  p o sse s s  a  r e l a t i v e l y  h ig h  asymmetry as f a r  as r o ta t i o n s  a re  
co n ce rn ed , and we have observed  a  la r g e  c o n tr ib u t io n  to  th e  t o t a l  
p r e s s u r e .  O r d in a r i ly ,  th e  r o t a t i o n a l  c o n tr ib u t io n s  shou ld  p ro b ab ly  
be s m a ll ,  though by no means i n s i g n i f i c a n t ,  compared to  th e  t r a n s ­
l a t i o n a l  c o n t r ib u t io n s .  The r e l a t i v e  im portance  of th e  r o t a t i o n a l  
c o n t r ib u t io n s  would a l s o  seem to  be th e  g r e a t e s t  when th e  r o ta t i o n s  
a re  n e i t h e r  t e r r i b l y  d i f f i c u l t  nor r id ic u lo u s ly  easy .
The m odels c o n s id e re d  in  t h i s  work w i l l  h o p e fu lly  sp u r 
f u r th e r  e f f o r t  to  o b ta in  more d e s c r ip t iv e  m odels o f p h y s ic a l  sy stem s. 
One e x te n s io n  o f  t h i s  work w hich shou ld  be  p o s s ib le ,  b u t  a d m itte d ly  
d i f f i c u l t ,  i s  th e  analogous tw o -d im en sio n a l problem . W ith some m odi­
f i c a t i o n ,  th e  tw o -d im en sio n a l model co u ld  be a good d e s c r ip t io n  f o r  
l i q u id  c r y s t a l l i n e  sy s tem s . We would need to  in tro d u c e  a  new v a r i a b le  
to  a llo w  f o r  in t e r a c t io n s  betw een m o lecu le s  in  d i f f e r e n t  row s. Most
im p o rta n t would be an a d d i t io n a l  le n g th  p a ram e te r to  a llo w  fo r  ro d ­
l i k e  m o lecu les  s in c e  l iq u id  c r y s t a l s  a re  u s u a l ly  long and s le n d e r  
m o le c u le s .
APPENDIX I
EVALUATION OF THE TRACE OF THE Nth ITERATE OF 
K(0,cp) BY WAY OF THE DOMINANT EIGENVALUE25
R e fe rr in g  back to  E qu a tio n  ( 1 - 3 ) ,  we would l i k e  to  prove
th e  l i m i t ,
lim (trK ^N^ ) 1/N = X,
N -* »




w here K(0,cp) i s  a  sym m etric k e r n e l .  By sym m etric k e rn e l  we mean 
th a t
K(0,cp) = K(cp,0).
We w i l l  assume th e  e q u a tio n  has s o lu t io n s  u ^ ( 0 ) ,  u ^ ( 0 ) , . . .  un ( 0 ) . . . ,  
w hich co rresp o n d  to  th e  e ig e n v a lu e s  X g , . . .  Xn , . . . ,  so th a t  we 
have
b
\ i Un (0) " J k (0 ’cP)un ( cp)d<P* U " 1)
a
W ithout lo s s  o f g e n e r a l i ty  we may assume t h a t  {un (0 )}  i s  an o r th o ­
norm al s e t  o f  fu n c t io n s .
I f  we a ls o  assume t h a t  th e  k e r n e l ,  K (0,cp), can be ex p ressed  
as a  co n v erg en t expansion  in  te rm s o f  th e  'd y a d s ' un (0 )u n (cp), we have 
K(0,cp) -
R ep lac in g  tp by a  in  th e  above e q u a t io n ,  m u l t ip ly in g  th ro u g h  by K(o»,cp), 
and in te g r a t in g  o v er a  y ie ld s  
b b
Jk (0 ,a )K (a ,< p )d a  = Jk (a ,cp )B in (0 )u n (a)Xnd a .
a a  n
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The l e f t  hand s id e  o f t h i s  l a s t  e q u a tio n  I s  c a l l e d  th e  f i r s t  I t e r a t e d
k e rn e l  and I s  deno ted  by K' (0,cp). By u s in g  E q u a tio n  ( i - l )  and th e
(2)o r th o g o n a li ty  o f  th e  e ig e n fu n c t io n s ,  we can w r i te  K (0,<p) as  
K ^ ( 0 ,c p )  = SX^un ( e )u n (cp).
A pplying th e  same p ro c ed u re  to  th e  above e q u a tio n ,
( P^ P
Jk(a,cp)K  ( 0,cv)d<y = J k ( « ,q ) ) E ^ u n ( 0 ) u n ( a ) d « ,  
a a  n
we o b ta in  th e  second i t e r a t e d  k e r n e l ,
K( 5) ( e , c p )  = s ^ u n ( 0 ) ^ ( 9 ) -
\
By re p e a te d  a p p l ic a t io n  o f  t h i s  p ro c e s s ,  we co u ld  o b ta in  in  g e n e ra l 
K ^ ( e ,c p )  = 2?^un (e )u n (cp).
We can  w r i te  t h i s  l a s t  e q u a tio n  as
K(m)(e,cp)/\“ = Ul(e)Ul(cp) +
I f  th e  e ig e n v a lu e s  a re  o rd e re d  a c c o rd in g  to  d e c re a s in g  v a lu e ,  m eaning 
e s p e c ia l ly  t h a t  i s  n o n -d e g e n e ra te  and g r e a te r  th an  a l l  o th e r  Xn> 
th en  fo r  v ery  la r g e  m we can  w r i te  a s  an a sy m p to tic  e x p re ss io n  fo r
K( t n ) ( e , c p )>
K^(e,cp) s; x™u1(e)u1(cp)..
Taking th e  t r a c e  o f  t h i s  (m - l) s t  i t e r a t e  o f  K(0,cp), we f in d
a. J k ^ ( 0 , 0 ) d 0 / J ’u ^ ( 0 ) d 0  
a  a
s  t r  K ^ ,  
o r  e q u iv a le n tly
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lim  ( t r  
m -* oo
We shou ld  p o in t  o u t t h a t  th e  u se  o f  s u b s c r ip ts  w ith  X and u 
has been su p p ressed  everyw here e x ce p t in  t h i s  A ppendix. In  th e  t e x t ,  
\  and u a re  used to  r e f e r  to  th e  dom inant e ig e n v a lu e  and i t s  c o r r e s ­
ponding e ig e n fu n c tio n .
APPENDIX I I  
DENSITY DEPENDENCE ON THE PARAMETER b
We w ish  to  p rove th e  fo llo w in g  r e l a t io n s h ip :  
p(b , f c ,  pP ) = p [ b 7,FC ,pP- 2 F c ( b - b 7) ] ,
where b and b 7 a r e  two d i f f e r e n t  v a lu e s  o f  th e  le n g th  p a ram e te r  oc­
c u r r in g  in  E q u a tio n  (2 -6 J .
E q u a tio n  (2-6). g iv es  th e  in v e r s e  d e n s i ty  in  te rm s o f th e  
dom inant e ig e n fu n c tio n  u(©) as
p " 1 = -  |3p/2FC +  b  +  ( l / 2 F C \ ) J J u ( 0 ) e x p [ ( - F C ( a - b ) 2 -ppCT]u(cp)d6dcp,
where
\  = £ / /u (e ) (T T /F C )* e x p [ ( |3 p ^ A F C  -  (3pb]
e rfc [{ 2 F C (a -b )  + (3p3/2(FC„)^]u(cp)d0dcp, 
and a(0,cp) i s  g iv en  by so lv in g  f o r  a in  E q u a tio n  ( 1 - 7 ) .  The e r r o r  
fu n c tio n  complement e r f c  i s  d e fin ed  bn page 30* We w i l l  sim ply
s u b s t i t u t e  b 7 fo r  b and 0p-2FC(b-b 7) f o r  0p in to  th e  e x p re s s io n  f o r
in v e r s e  d e n s i ty  and show th a t  an i d e n t i t y  r e s u l t s .
M a k i n g  t h e  a b o v e  s u b s t i t u t i o n s ,  w e f i n d  
p [ b  7, F C , 0 p - 2 F C ( b - b  7) ]  = -  0 p /2 F C  +  b  -  b  7 +
( i i - 1)
( 1 /2 F C X  ' ) J J u (  e ) (NUM u(tp)dedtp ,
where
NUM = exp[-(3pcr + 2FC o(b-b7) -  F C (a -b 7,)2 ]
and
X '  =  J ' J u ( 0 ) ^ ( T r / F C ) ^ e x p [ { 0 p - 2 F C ( b - b 7) } 2 /4 F C  -  p p b 7 +  2 F C b b 7 -  2FCb , 2 ]
e r f c [ { 2 F C ( a - b  7) +  0p -  2FCb +  2F C b  7} / 2 ( F C ) ^ ] u ( c p ) d 0 d c p .
A lg e b ra ic  s im p l i f i c a t io n  o f  th e se  e x p re s s io n s  fo r  NUM and \ 7 g iv e s
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NUM = exp(-ppcr + 2FCob -  FCff2 -  FCb/2 )
a n d
X' = 2FC exp (-FCb /2 + FCb2 )X.
S u b s t i tu t in g  th e s e  e x p re ss io n s  back  in to  E q u a tio n  ( I I - l )  g iv e s  
p [b ',F C ,p p -2 F C (b -b  ' ) ]  “ -Pp/2FC. + b +  ( l /2 F C \) J J u ( e )
p
e x p [ - F C ( o u b )  -  P p o ]u (c p )d 0 d tp  
s  p ( b , F C , ( 3 p )
APPENDIX I I I  
DESCRIPTION OF ADDITIONAL MODELS
A. Rods and S p rin g s  Model (RS)
As m entioned  in  th e  t e x t ,  t h i s  m odel i s  e x a c t ly  th e  one 
s tu d ie d  by K o p p e l.19 The d e s c r ip t iv e  te c h n iq u e  i s  e s s e n t i a l l y  t h a t  
p roposed  by N o rth co te  and P o t t s . 20
in  t h i s  m odel. T hus, th e  low er l im i t  o f th e  above i n t e g r a l  i s  e q u a l 
to  th e  h a rd  c o re  le n g th  o f  one.
R e fe r r in g  back to  th e  s e r i e s  o f  E quations ( 2 - 2 ) ,  we a re
a b le  to  w r i te  K f o r  th e  RS model as 
P
|e x p [ - ( p f /$ 5 - b ) 2 - pP5]d§. ( l t l - 1 )
T here i s  no a n g le  dependence in  K s in c e  r o ta t i o n s  a re  no t allow ed
I f  we change v a r ia b le s  by s e t t i n g  y = f3 p (? - l) ,  i s  t r a n s ­
formed in to  th e  s ta n d a rd  form:
KRS = (l/{3p)Jexp(-ay2 + 2by + c )d y ,
P no
where
a  = F C /(pP) 2 ,
b = FC/pp - FCb/pp + £ , 
c = FC -  2FCb + pp + FCb2 , 
and FC i s  d e f in e d  as
FC a  p f /2 .




KpS = i(T r/F C )^ex p [(p p )2/4FC -  ppb].
e rfc [{ 2 F C ,(l-b )  +  Pp}/2(FC )^].
We r e c a l l  from  E quation  (2- 5) t h a t  th e  d e n s i ty  can be ob­
ta in e d  from th e  p a r t i a l  d e r iv a t iv e
p"1 = - ( d ln \ /d p p ) T
w hich , in  t h i s  c a s e ,  red u ces  to
= -  ( dlnKpS /  B0p) T ( I I I - 2 )
~RSs in c e  X i s  h e re  p ro p o r t io n a l  to  . P erfo rm ing  t h i s  d e r iv a t iv e  o f
HRS . . .
Kp to  o b ta in  th e  d e n s i ty  g iv es
PRS = ” ft>/2FC + b +
e x p f -F C d -b )2 -  BpI
( TIFC) ^ex p [ (3p) 2/^FC -  p p b ]e rfc [{ 2 F C (l-b )  + 0p}/2 (F C )^]
I t  may be seen  th a t  th e  d e s c r ip t io n  o f  th e  RS m odel may be 
o b ta in e d  fo rm a lly  from  t h a t  o f  th e  more g e n e ra l Sq-S m odel by con­
s id e r in g  th e  d is ta n c e  o f  c lo s e s t  approach a tto  be c o n s ta n t  and e q u a l 
to  one. Hence th e  d i f f e r e n c e  between th e  two i s  p r e c i s e ly  th e  r o t a ­
t i o n a l  e f f e c t s  p r e s e n t  in  th e  Sq-S m odel. Q u a l i t a t iv e ly  th e  RS model 
would be j u s t  as  in fo rm a tiv e  as f a r  as t r a n s l a t i o n a l  o r  h a rd  co re  
e f f e c t s  a re  co n cern ed .
B. S p rin g s  Model (SP)
In  th e  s p r in g s  model we t r e a t  th e  m o lecu le s  as p o in t  m asses , 
and th u s  we have no h a rd  c o re  re p u ls io n s  p r e s e n t .
The e q u a tio n  c o rre sp o n d in g  to  E qua tio n  ( i l l - l )  f o r  th e  
s p r in g s  model i s
00
K ?p  -  J* e x p C - f e f / S X l - b ) 2  -  p p | ] d 5
^  -  00
GO
» J  exp[-FC §2 -  (pp-2bFC)§ - FCb2 ]d§ .
- 0 0
C om pleting  th e  s q u a re , we o b ta in
00
K ^P  = e x p [ ( p p ) 2 A F C  -  p p b ] /  e x p [ - F C ( §  +  0 p /2 F C  -  b ) 2 ] d 5 ,
- 0 0
w here th e  i n t e g r a l  i s  th e  s ta n d a rd  form:
00 o o 1
J  e x p ( - a  x  ) d x  =  (TT)®/a.
-00
T hus, we o b ta in
KpP  = e x p [ ( P p ) 2 /4 F C  -  p p b ] ( T T /a ) ^ .
T aking th e  a p p ro p r ia te  d e r iv a t iv e ,  E q u a tio n  ( I I I - 2 ) ,  we 
a r r i v e  a t  th e  e x p re ss io n  f o r  th e  d e n s i ty ,
p“J  = - 0p/2FC + b.
We would l i k e  to  p o in t  o u t th e  fo llo w in g  c h a r a c t e r i s t i c s  
o f  t h i s  r a th e r  s im p le  model:
(a )  The d e s c r ip t io n  o f th e  SP model may be o b ta in e d  fo rm a lly  
from  th e  Sq-S model by c o n s id e r in g  a  to  be eq u a l to  -oo.
(b ) Of th e  m odels c o n s id e re d , t h i s  i s  th e  o n ly  one co m p le te ly  
d e s c r ib a b le  in  c lo se d  form and in  term s o f  e lem en ta ry  
f u n c t io n s .
(c )  A model o f  t h i s  ty p e , g e n e ra l ly  d e s c r ib e d  a s  an a r r a y  o f  N 
harm onic o s c i l l a t o r s ,  i s  u s u a l ly  t r e a t e d  w ith  a  c a n o n ic a l 
ensem ble approach  w ith  (3p = 0 .  The approach  i s  much more 
cumbersome s in c e  i t  r e q u ire s  a  norm al mode a n a ly s is .
The c o e f f i c i e n t  o f  th erm a l expansion  i s  z e ro ,  a  g e n e ra l  
p ro p e r ty  o f  harm onic sy stem s.
APPENDIX IV 
LOW TEMPERATURE LIMIT OF THE DENSITY
We w ould l i k e  to  p rove r e l a t io n s h ip  (d) o f  th e  d is c u s s io n  
o f  th e  s q u a re - s p r in g s  m odel. T h is r e l a t io n s h ip  p o s tu la te d  t h a t
P FC-to* b ‘
From E q u a tio n  (2 -6 )  th e  d e n s i ty  e x p re ss io n  i s  
p "1 = -gp/2FC  + b + (l/2 F C ^ f‘ju (0 )ex p [-F C (c r‘b ) 2-ppa]u(cp)dedcp,
where
X = J*Ju(e)K u(<p)d0dq> (IV -1)
and
Kp = ^(Tr/FC)^exp[(pp)2 /l |F C -p p b ]e rfc [{ p p  + 2FC(o»b) ] /2 (F C )^ ] .
The complement o f  th e  e r r o r  fu n c tio n  I s  d e f in e d  as
I 00 o
e r f c ( x )  = 2 /(T f)* Je x p (- t ) d t .
x
I f  we lo o k  a t  l im i t in g  c a s e s  o f  e r f c ( x ) ,  we see  t h a t
e r f c ( x )  — —>  0 '  7 x-*»
and
e r f c ( x )  2 >
so t h a t  we have f o r  Kp ,
b <
Kp  F C - w ^  1 1 p
TT/FC)* ex p [  ( 0p) MFC- ppb] b > CT.
R e t u r n i n g  t o  E q u a t i o n  ( l V - l ) ,  w e  c a n  w r i t e  t h e  l i m i t  o f  X
a s
X ( lT /F C ) ie x p [ (p p )2 /hFC-ppb]J*Ju(0)u((p)dedcp,
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th e  I n te g r a t io n  b e in g  o v er th e  re g io n  s a t i s f y in g  o(0>cp),i>. F u r th e r ,  
s in c e  th e  k e r n e l  becomes c o n s ta n t  in  t h i s  r e g io n ,  th e  e ig e n fu n c ­
t io n  u (0 )  m ust red u ce  to  th e  l a t t i c e  model e ig e n fu n c tio n  ( f o r  a  = b ) .
In  p a r t i c u l a r ,  u(@) becomes ind ep en d en t o f FC in  th e  low te m p e ra tu re  
l i m i t ,  FC -♦ oo.
F in a l l y ,  th e  d e n s i ty  l i m i t  may now be w r i t t e n  as
p - 1— >  _ g p /2 p c  +  b + ---- J J u f  9)exPr-FC(g -b )2-g p ff~|u(tpjdedip  .
"** 2(]TFC)*exp[(0p) A FC -ppb]J’Ju(o)u(cp)d0d9
The l a s t  te rm  on th e  r ig h t-h a n d  s id e  approaches z e ro ,  u s in g  th e  tem­
p e r a tu re  independence o f  u ( 0 ) ;  o f  c o u rs e , th e  f i r s t  term  a l s o  v a n is h e s ,  
le a v in g
P FC-«o>  b ’
w hich i s  th e  r e l a t io n s h ip  we s e t  o u t to  p ro v e .
APPENDIX V 
LOW TEMPERATURE LIMITS OF gp* AND gpR0T
LATA. P roof o f  th e  r e la t io n s h ip  gp* gp ' .
From E q u a tio n  (2 -6 )  th e  d e n s i ty  i s  a g a in ,
p- 1  = -  pp/2FC +  b +  ( I /2 F C \)J * J u { e )e x p [ -F C (a -b )2- g p CT]u(cp)d0dcp,
where
X = •|(T r/F C )^JJu(0)exp[(gp)2 A F C -g p b ]er fc [{g p  +  2 F C (o -b )} /2 (F C )^ ]  
u(cp)d0dcp.
As b e f o r e ,  we w i l l  d e f in e  gp* as  
gp* = gp + 2FC(p"1-b )
= ( l A ) J J u ( 0 ) e x p [ - g p a  - F C (o-b )2 ]u(cp)d0dcp
a NUM/A*,
where
NUM = J J u (0) (FC/TT)^exp[-gpa -  F C (crb)2 ]u(cp)d0dcp
and
X* = |e x p [ ( g p ) 2 AFC -  g p b ]J 'Ju (0 )e rfc [{ g p  + 2FC(o-b) } /2 (F C )^ ] 
u(cp)d0dcp.
F i r s t ,  we w i l l  in v e s t ig a t e  th e  l im it in g  e x p r e ss io n s  o f  X* as FC ap­
p roach es i n f i n i t y .
We have a lr ea d y  used  th e  l im it in g  v a lu e s  o f  th e  X* in teg ra n d  
in  Appendix IV. We found t h a t ,  due to  th e  b eh av ior  o f  e r f c ,  th e  o n ly  
r e g io n  c o n tr ib u t in g  to  th e  t o t a l  in t e g r a l  was th a t fo r  w hich aCSjCp)^* 
Then we can w r it e  th e  l im i t  o f  X* as
X* y c ~ Z >  e x p ( - g p b )J T u (0 )u (c p )d 0 dcp = e x p ( - 0 p b ) X ^ ,
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IATwhere i s  th e  e ig e n v a lu e  o f  th e  l a t t i c e  model a t  th e  l a t t i c e  p a ra ­
m eter a eq u a l to  b .
In  th e  l im i t  o f  FC ap p ro ach in g  i n f i n i t y ,  th e  on ly  v a lu e s  o f 
o(0,cp) t h a t  c o n t r ib u te  to  any e x te n t  to  th e  i n t e g r a l  in  NUM a re  th o se  
c lo s e  t o  b ; th e r e f o r e ,  we can w r i te
TTA TTA a  p
NUM F C ^ > exP (- PPb ) ^ u ( 0)d 0 C ^ u ( tp)(FC/fT )*exp[-FC {a(0)cp)-b} ]dcp].
The c lo s e s t  approach  p a ram e te r a(0>cp)> h e r e a f t e r  in d ic a te d  by o'> i s  
n o t a m onotonic fu n c t io n  o f th e  i n t e g r a t i o n  v a r i a b le  cp. Hence, we 
m ust s p l i t  th e  i n t e g r a l  over cp o c c u r r in g  in  sq u a re  b ra c k e ts  above
in to  two p a r t s  as
1 0 p TT/  ̂ P
[ ] = (FC/TT)*[ f u(cp)exp[-FC (a  -b )  ]dcp + J* u(cp)exp[-FCj[a/-b )  ]dcp].
-TlA ^  o
I  I I
In  i n t e g r a l  I  a(0»<p) *-s a monotone d e c re a s in g  fu n c t io n  o f cp and in  
i n t e g r a l  I I  i s  a  m onotone in c r e a s in g  fu n c t io n  o f  cp. For a g iv en  0, 
we w i l l  l e t  cp(0iaO  and ^ (G jaO  he th e  p o s i t i v e  and n e g a tiv e  s o lu t io n s  
o f E q u a tio n  (1 -7 )  i n term s o f  a ' and 0, r e s p e c t iv e ly .  Thus, in  te rm s 
o f p re v io u s  n o ta t io n  o c c u r r in g  in  E q u a tio n  (1-10), we have th e  c o r r e s ­
pondence cp(Q, ctx) s  0 ( 0 ,a ' )  and 9 ( 0 , 5 ')  s  c ^ S so ')*  T ransfo rm ing  I  
in to  an i n t e g r a l  o v er a*-, we have
o (0 » °) P
I  = f u [cp (,0 ,a /)3ex p [ -F C (a /-b )  ](d cp /d a ; ) fld cr 
a (0 ,-T T A ) •' • ( / )  9
and in  th e  l im i t
I  «  J* (same in te g r a n d ) d a '
00
00
= - J 1 (same in te g ra n d jd o *
-  00
00 o
»  -u[cp(e,b)}(3^/da')0jCT/_b Jexp[-FC(o'-h)] do*
•  00
= -uC aije.bJla 'C e.bJC T T/FC )^ 
assum ing b i s  in  th e  ran g e  [a(0>o)>  a(0>“ TT/b)].
S im i la r ly ,  f o r  I I  we have
a(0,TTA) p
I I  = f u fcpC o^O JexpC -FC C a'-bJ^C Q cp/aaO Q da7
a(0>o)
00
& J*( same in te g r a n d ) d <j'
-00
00
«  u{cp(0,b)}(dcp/da/)0 ia /=bJ' expC-FCCa'-bJ^da7
— 00
s  u { p (0 ,b )} p '(e ,b ) (T r/F c )fc  
assum ing b i s  in  th e  ran g e  [ a (0 j° )>  a(0»TTA)].
Both I  and I I  a r e  ap p ro x im a te ly  eq u a l to  ze ro  i f  c r (0 }O) 
jL .e . , i f  10 1 > Y ( b ) ,  in  te rm s o f  th e  n o ta t io n  o f  E q u a tio n  (l-]Q ). 
we have
Y(b)
NUM = e x p (-0 p b )[  f  u ( 0 ) u t p ( e , b ) } p ' ( e , b ) d e
x ( i )
Y(b )
-  f  u ( 0 ) u { a ( 0 , b ) } a  ( 0 , b ) d 0]
X(B)






I t  shou ld  be n o te d  th a t  th e  p ro o f  assumes th a t  b I s  In  th e  
p h y s ic a l ly  i n t e r e s t i n g  ran g e  [ 1 , ( 2 ) ^ ] .
ROTB. P ro o f  o f  th e  r e l a t io n s h i p  pp* > (3p
ROTFrom E q u a tio n  (2 -7 )  th e  e x p re s s io n  r e l a t i n g  pp* and pp i s
Pp* = Pp R0T + PpRS + 2FC(p"1 -  b ) ,  (V -l)
RSw here gp i s  o b ta in e d  from  th e  d e n s i ty  e x p re s s io n  f o r  th e  RS model 
developed  in  A ppendix LIIA as
ppRS = 2FC(b -  p- 1 ) +
_______________2(F C ^ exPr-F C (l-b )2 Sp1___________
(TT)^expD;pp)2 /4 F C -p p b ]e rfc [(2 F C (l-b )+ p p } /2 (F C )^ ]
RSS u b s t i tu t in g  t h i s  r e l a t i o n  f o r  pp in to  E q u a tio n  ( V - l ) ,  we see  t h a t
ROTth e  d i f f e r e n c e  betw een pp* and pp i s  a s y m p to tic a l ly  (FC -* ») e q u a l to  
PP*-PPR0T p c ^ > 2 (F C )^ e x p [-F C (l-b )2-p p ] / (T r )^ e x p ( -p p b )e r fc ( -« ) ,
assum ing b > 1. S in ce  e r fc (~ » )  i s  eq u a l to  tw o, th e  denom inator i s
bounded away from  z e ro  w h ile  th e  n u m era to r approaches z e ro . H ence,
th e  te rm  ap p ro ach es  z e r o ,  and in  th e  l im i t  as FC approaches i n f i n i t y
we have
n „ .  n ROT
Pp  •
We shou ld  n o t ic e  a ls o  t h a t  th e  term  e x p re ss in g  th e  d i f f e r e n c e  
ROT?betw een pp* and pp a ls o  app roaches z e ro  as pp approaches fo r
c o n s ta n t  f i n i t e  FC. T h is  b e h a v io r  i s  r e l a t e d  to  th e  b e t t e r  agreem ent
ROTbetw een pp* and pp a t  low d e n s i ty  th an  a t  h ig h  d e n s ity  as  d isc u s se d  
on pages JjO and 41.
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